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Preface
Thanks to God who helped us to introduce one of our famous series

"El Moasser" in mathematics.

We introduce this book to our colleagues.

We also introduce it to our students to help them study mathematics.

In fact, this book is the outcome of more than thirty years

experience in the field of teaching mathematics.

This book will make students aware of all types of questions.

We would like to know your opinions about the book hoping that it will

win your adm ation.

We will be grateful if you send us your recommendations and
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Unitobiectives: By the end ofthis unit studentshou{d be able to:
' recognize the concept ofthe Cartesian prodLrct of two flnite sets.

' representthe Cartesian productoftwo finite sets bythe arrowdiagram and

the graphical (cartesian) diagram.
. recognize the concept ofthe Cartesian product of two infinite sets,

. 'ind the Ca(esian productoftwo interva's.

. recoqnizethe conceptofthe relation from a set to anotherone,

. recog nize whether the relation is afunction or not.

.representthe function by the arrow diagram and the g raphical (Cartesian) diagram.

.recognize the domain,the codomain and the range ofthefunction.

' express the function symbolically.

' search fhe degree of the polynom.al fu.l.tion.

' represent the linearfunction graphically.

' recognize the constantfunction and represent it graphically.

' represent graphically the quadratic function.
. flnd the vertex of the curve of the quadratic fu nction.

' find the maximum or the min;mum value ofthe quadratic fu nction.

' find the equation ofthe axis ofsymmetryofthe q uad ratic function.

lJse
your sno.t phone or 

1

t.blpi t.q..nthp L

QRcode di.l enio, I

watchlno videos f_--w l.wl
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Lesson one cartesian product.

Lesson Two Relation - Function (Mapping).

Lesson Three The symbolic representation

ofthe function - Polynomial

functions.

The study of some

polynomial functions.

Relations

and

Lesson Four



In this lessoll , we shall know the concept of the Cartesian product and how to find it and how
to rcpresent it graphically.

Before dealing with this subject , we shall remember together what we had studied about the
ordercd pair.

(a, b) is called an ordered pair
. a is called the first pro.jection
. b is called the second projection

and the ordered pair (a , b) could be represented

by a point as shown in the opposite figure.

Remarks
. If a=b,then (a,b)+ (b,a)

For example: e,r*t3 ,2)

and when representing them graphically

as shown in the opposite figure , we find

that they are represented by two different points.

. The ordered pair is not a set. i.e. (a r b) + {a , b}

3

2

I

(2'3)
---1
----.1--r(:,2)

o 123

Lesson

m
Cartesian

product

The ordered pair
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. (a 
' 

a) is an odercd pair , while in the sets , we don't wdte {a r a} r but we write

{ a} without repeating the elemert a

. There is an empty set of elements and denoted by the symbol Z r but there is not

an empty ordercd pair.

I The equalityof two ordered pair5

If (a r b) = (X r y) r then a = X , b=y

For example:
.If (a,b)=(3 >-4) rthena=3 : b=-4
.If (x,2)=(..5 ;y) tthenX---5 t y=2

Choose the correct answer from the giyen ones :

I lr {1,8r=lJ,Vr LrhenVv=\ ,- /

(b) 4 (c) 8(a) 4

2 lf (32 tx+y)=(y5 ,2),thenX=
(a) o

I (b) The reason

2 (a) The reason

3 (d) The reason

(d) 64

(d) 5

(d) 5

(d) t 14

.,tiv=s

3 lf(2x-1,-3)=(1 ,y) ,then2 x y=

(a) 3 (b)-1 (c) 3

4 If (x2 1 ,4)=(48,2y),rhenxy= .......

(a) 7 (b) 7 (c) 14

. (3 ,0 = (3 ,{t)

(b) 2 (c) 4

.. Y=92=64
'. (32,x+y)=(y5,2)

r. y5=32 . y=2.because25

, X+ y = 2 substituting by y = 2

.. X=0
'. (2r-r,-3)=(1 ,y)

,2r-l=l,then)( 1=0

Solution

..w=:{a=o

:.2 X y=2x 1-(-3)=2+3=5
'.'(xz-1,4)=(4s,2y) ..x2 7=48

:.X2=49
.. x +faq=r7.2y=4 ,.)=1=2
'Y\-+7.1=+14

4 (d) The reason



Losson one @0

Find the values of X dnd y in each of the following :

[]ix+r,y)=1:,0;
[4(x'-s,s)=(3,3y 7)

l-l(x' z,zt=(y ,1^[A)

For any two finite and non empty sets X and Y , we get :

The Cartesian product of the set X by the setY and it is denoted by

is the set of all ordered pairs whose first projection of each of them

and the second projection of each of them belongs to Y
i.e. X xY= {(a >b) : aCx rbCY}

For example :

lx"vl
belongs toX

y11={r,z}, y={s,7,8},then:

x.v ={r ,2}"{5,7,81
\_/,/ /

Y---/

. ={(1,5),(1,7),(1,9,(2,s), (2,7),(z,,8)}

. We can rcpresent X x Y by two ways as follows :

lsl way : The arrow diagram

a5

r8

.:Z
x

2nd way : The graphical (Cartesian) diagram

e

Where we draw an ar:row going from

each element rcpresenting the first

projection (the elements of the set X)

to each element representing the second

projection (the elements ofthe set Y)

Where the eiements of the set X are teptesented

hodzontally aDd the elements of the set Y

are represented vertically and the points of

intersection of the horizontal and vertical lines

represent the Cartesian product ofx x Y

t t/\a /d\C, oLa or-;L,r Jata,gJl

The Cartesian product of two finite sets
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@rix= {r ,2} , Y={5,7,8},then:

YxX

,2)\

. Similarly , we can represent Y x X by two ways as follows :

The arrolv diagram The Cartesian diagram

The Cartesian product of the set x by itself and we denote it by [x x i or by x]
(it is read X two) is the set of all oldercd pairs $,hose first proiections and second

projections belong both to x
i.e. x xx= {(a rb) : aCX :b CX}

For example: If X= {1 ,2} ,then:

',u... 
...1..!

x,x ={l .21 \{l -2I . 4,tl .lt.tl ,2s.r2-]. l),(2 ,2)j

. We can represent X x X by two ways as lbllows :

xx
[A=+lti+t!

x

The arrow diagram

Notice that : The figure Q, is called a loop to

show that the alaow goes ftom the point and retums

to the same point.

ro

FNpqecrion

The Cartesian diagram

={5.7.8}r{r ,2}
\ " $tt
\.=--/,

= {(5 ,r) ,(5 ,2) ,(7 ,t) ,(7 ,2),(8 ,t),(8

The Cartesian produ(t of a set by itself
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I Remarks

. For any two finite and non empty sets X and Y, then X x Y r Y x X where X l Y

.ForaDysetX,thenxx@-AxX=U where A is the empty set.

.If (a,b)€XxY,thena€X > beY
For example: If (3 r 5) €X x Y , then 3 CX , 5CY

Exomple 
! rrr = {2.;. :1 and } = {a.b} ,rindeachor:

I r x.,r 2y.x 3x.\ 4y'

I x xY={(2 ra),(2,b),(3,a)

z Y x x = {(a t2) t(a t3) t(a t4)

: x ' x = {(2 ,2) , (2 ,3) , (2 ,4)

,(4,3),(4,qj
,1 y2={(a,a),(a,b),(b,a),(b

,(3,b),(4,a),(+,u)]

, (b ,2) , (b ,3) , (b ,4)]

,(3,2),(3,3),(3,4),(4 ,2)

, b)]

IfX={3,4,5} and Y={5 ,6} , ftnd each ofthe fouowing :

[] Y x x and represent it by an araow diagram

p] X 2 and represent it by a Cartesian diagram

If we denote the number ofelements ofthe set X by n (X) and the number of elements

of the set Y by n (Y) , then the number ofelements ofthe Cafiesian product X x Y is

denoted by n (X x Y) ! and :

.n (X x Y) = n (Yx X) = n (X) x n (Y)

. n (x x x) = n (x) x n (x) = [l (x)]'?

.n(XxO)=n(X)xn(Z)

=0[Becausen(Z)=0]

For example :

Ifx={2'-1,0}andY={s,-7},thenn(x)=3, n(Y)=2,then.

Notice thot :

If X , Y are two finite and non empty

setsrX+YrthenXrY+YxX
,burn(xxY)=n(YxX)

.n(XxY)=3x2=6

.n1x2;=32=9

.n(YxX)=2x3=6

.n1Y21=22=4

Find the previous Cartesian products and verify the number of their elements.

Solution-l
I

I

The number ofthe elements ofthe Cartesian product
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Eromple Choose the correct ansryer from the giyen ones :

r tfx={0,2} , n(v)=5 rthenn(XxY)=

(a) 2 (b) 5 (c) 7

2 If n(Y)=4 r n (X x Y) = 8 , then n (X) =

(:o) 2 (b) 4 (") 8

3I{n(x2)=9 , n(Y2)= 16,ftenn(Yxx)=

(a)'1

(d) 10

(d) 32

(d) t44(b) 12 (c) 36

(d) The reason : .' n (X) = 2 , n(Y)-5

..n(XxY)=2x5-10

ra)The reason: ,' l-]., - 
tr rX Y)-!=,

n (Y) 4

(b)Thereason : . n (X'?) = 9

,. n(Y2)=16

..n(YxX)=4x3=12

Choose the correct answer frcm the given ones :

2

3

E]trr(x)= g, n(x xY)= 12,thenn (Y)=

(a) 4 (b) 9 (c) 15

l2lIiv=1-t ro r1], n(xxY)=15,thenn(Y2)=

(a) 5 (b) 9 (c) ls

n(XxY)=4,thenn(Y2)=.

(b) 2 (") 4

Plrrnix2l=4,

I Remember the operations on sets

rf x={t.2,3.4} Y={3,4,5,6} ,rhen: 
GD.X nY= theserolelemenlswhicharecommonin x andY - {J .4}

. X U Y = the set of ail elements in X or Y without rcpeating = { I )Z '3,'4,5,6}

. X Y = the set of elements which arc in X un6 no1 1n y = { L Z}

. Y X = the set of elements which are in Y and not in X = {5 ,6}

(d) 25

(d) 16

Solution

.. n(x)=1i e=3

.. n(Y)={G=a

(d) 36



Lesson one @0

Exqmple 111= {a .u} . y= tr .s .il . z={5.i .e}

, represent the sets X r Y and Z by Yenn diagram , then find :

1xx(YUZ),(xxY)U(XxZ)

2 xx(\ aZ),(x xY) n (x xZ)

3 Xx(Z Y) r(XxZ) (XxY)
Z

| ...Yuz={3,s,7 ,9} ,( ))"

.. xx(yUz)={a,b} x{3,s,7,9}

= {1a, 3) r (a' 5), (a,7), (a, 9), (b, 3), (b,s), (b, 7), (b, 9)}

,XxY={a,b}x{3,5,7}

={(a,3),(a's),(a,7),(b,3),(b,5),(b,7)} (l)

,Xxz={a,b}x{5,7,e}

= {(a,5) , (a 
'7),(a,e), 

(b ,5) , (b ,1), (b,e)} e)
From (1) and (2) :

.. (XxY)U(xxZ)=

{(a ,3) , (a , s) , (a ,7), (a 
'e),(b,3) ,(b,s),(b,7),(b,e)}

2 ...v etz= {5 ,1}

... x x (YTlz)={a,b} x {s,7}
={(a,s),(a,7),(b,s),(b,7)}

From (1) and (2) :

.'. (x xY) n (x xz) = {(a,5),(a,j), (b,s), (b,1)}

3...2 Y={e}

... x x (z y) = {a , b} x {e} = {(a , e) , (b , e)}

Frcm (1) and (2) : ... (X x Z) - (X x Y) = {(a ,9) , (b ,9)}

solution
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I Remark

In the previous example , we can represent X x (Y n Z) by aI1 araow diagram and

a Cartesian diagram as follows :

X Y atz

The arrow diagram

W4 rrx={2,3} , Y={r,3 ,,s} , z={z}

, rcwesent each of X , Y and Z W Venn diagrdm , then frnd :

[rlZxrX'1Y, llrZ,xtJrz"Yt

. We know that ifx is a finite set (having n elemetlts) , then the Cartesian product X x X is

also a finite set (having n2 elements).

For example: If n (X) =3,thenn (X x X) = 9

. But if X is an infinite set , then x x x is an infinite set also

As examples for that :

^1* 
1q= {(x,y):xCn{I, y €lv} r zxz={(x;y):xez'yez},

Q x Q = {(x, y) : r(€Q, y cA}, p,. p = {(x, y) : xcR, y eR}

. We know that ifx is a linite set , we rcprcsent the Cartesialr product X x X graphically by

a linite number of points.

. But if X is a1l infinite set , then the Cafiesian product X x X is represented graphically by

an infiDite number ofpoints.

The following is the graphical representation ofeach of: N[ x N! ; ZxZ t R. xR".

The Cartesian diagram

\iZ

The Cartesian product of two infinite sets



Representing the Cartesian product I$ x trS (tr92)

Lesson one @f,

. Represent the natuml numbers on two peryendicular straight

lines, one of them ii is horizontal and the other fr is

vertical , where they intersect at the poi11t which represents

the number zero on each of them i.e. O = (0 r 0)

. The opposite figure shows a small pafi of the peryeldicular

graphical net ofthe Cartesian product Xtl x X{ which consists of
the vertical and the horizontal straight lines that pass thrcugh

the points which represent the natural numbers ol1 each

offianafr
. And each point of the points of this net represents an ordered pair of the Cartesian

product X{ x N

For example :

. The point Arepresents the ordered pair (3 ,2)

. The point B reprcsents the ordered pair (5 r 0)

.The point C represents the ordered pair (0 ,4)

.The point O represents the ordered pail (0 ,0)

. Represent the integers on each of if, and fr
which are intersecting at O (0 

' 
0)

. The opposite figure shows a small part of the

peryendicular graphical net of the Cafiesian productz x Z

. And each point of its points represents an ordered pair of
the Caftesian product Z x Z

For example:

. The point A represents the ordered pair (2 , 4)

. The poi1-It B represents the ordered pair (- 2 , 3)

. The point C represeDts the ordered pair (- 4 , - 2)

. The point D represents the ordered pair (4 , - 3)

. The point E represents the ordered pair (3 , 0)

. The point N reprcsents the ordercd pair (0 , - 2)

l

I

o

v'

Representing the C attesian product Z xru (Z2l

cl



@ n.pr"r"nring the cartesian product IR x R (R2)

.The perpendicular graphicai net of the Cartesian

product IR x R is an infinite extelded suface from

all sides and the opposite figure shows a small part

of this region.

. Each poi1lt ofthis region represents an ordered pair x:
of the Cartesian ploduct lR x lR

For example:

. The point A represents the ol dered pair (3 , 2)

. The point B represents fte ordered pair ( 4 , 3)

G, If the i(-coordinate of the point = O ,

then the point lies on y-axis.

O If the y-coordinate of the point = 0 r

then the point lies on X-axis.

z1

I Remarks

O The horizontal shaight line tt is called x-a,{is or the horizontal axis

ancl the vertical straight line fr is called y axis or the ve ical axis.

O The point ofirte$ection ofthe two axes if, and fr is called the origin point.

O If the poirt A reprcsents the ordered pail. (i( , y) in the Cartesian product R x R , then :

. The first projection .l( is cailed the X coordinate of the point A

. The second prcjection y is called the y-coordinate of the point A

0 Th" t*o u"", ff und F divide the plane into four

quadrants as shown in the opposite figue ar1d we can

determire the quadmnt in which any point lies by

knowing the signs ofits two coordinates. 
a

3

321

3

2

I

I

2

3

Choose the correct answer from the giyen ones :

1 The point (4 , 3) lies on the ............ quadrant.

(a) first (b) second (c) third (d) fouth

2 Which of the following points lies on the third quadrant ?

(a)(2,s) (b)(2, s) (c)(-2,s) (d)( 2, s)



Lesson one @0

3 If the point (a 
' 

3 - a) Iies on the X-axis r then a =
(u)-3 (b)0 (c)3 (d)s

If b < 2 , then the point (b - 2 , 4) lies on the ..... quadrant.

(a) ftst (b) second (c) third (d) fourh

If the point (X 3 ;4 - X) wherc XAZ tes on the fourth quadranr

,the[X=

(a) 2

Solution I (d) The reason

2 (d) The reason

3 (c) The reason

4 (b) The reason

5 (d) The reason

Choose the coffect answer from the given ones :

(b) 3 (c) 4 (d) 5

Because the X-coordinate is positive and the

y-coordinate is negative.

Because the X-coordinate and the y-coordinate of all

the points on the th d quadrant are negative.

'. (a'J a)txx
..3 a=0 ... a=3
... b <2

.'. The X-coordinate of the point (b 2 , 4) is

negative and its y-coordinate is positive.

.'. (b - 2 r 4) lies on the second quadrant.

Because at X = 5 , then (X - 3 ,4-n=Q,-1)
i.e, The X-coordinate is positive and the y-coordinate

is negative.

E]The point ( 2 : - 7) lies on rhe .. ..... quadrant.

(a) ftst (b) second (c) thtud

E ] If the point (b - 5 , b) lies on the y-axis , then b =

(a)-s (b) 0 (c) 1

@rt(x-2,1p)=e: , y) , then the point (y , D ties on the ...... quadrant.

(a) thst (b) second (c) third (d) fourth

U The poirt (X2 , yz) wherc x*O , y l0 lies on the ............ quadrant.

(b) second (c) third (d) fourth

(d) lbuth

(d) 5

(a) Iirst

Yt/\o /t-r\a; - a\jr JJr,-r r-tr<Jl
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*r"l
I

I

Solution

We studied that the interval is a subset of the set of the real numbers (R) and then the

Cartesian product of two intervals is a subset ofthe Carlesian product R x lR and we can

explain that in the following example.

111=[0,:] , Y= [1 ,3]

, represent graphically using the perpenalicular graphical net of the

Cartesian product lR x lR the region which represents each of :

I XxY 2 XxX 3 YxY

, then show , in each case , which ofthe following points belongs to the

previous Cartesian products : (2 ,2) , (1 ,0) , (0 ,3)

l To represent X x Y graphically , do as follows :

. Represent the interval X on X-axis

. Represent the intelval Y on Y-a,'<is

. The intersectioD region ofthe

two colours lepresents X x Y

. (2 ,2) €X x Y because it

belongs to the region which

represents X x Y

. (1 ,O)€xxYbecauseit
lies outside the region which

represents X x Y

.(0,3)CxxY

2 To represent X x X graphically

, do as follows :

. Represent the interval X one

time on x-axis and another

time on y-axis.

. The intersection region of the

two colours rcpresents X x X

.(2,2)Cx xx,(1 ,0)€xxx
and(0,3)€XxX

The Cartesian product of two intervals



Lesson one @0

Similarly t you can replesent Y x Y

as shorvn in tlte opposite figure i

(2,2)eYxY

. (1 .{l)eY Y

and(0,3)eYxY
1



The relation from set X to set Y is a connection that connects some or all the elements

of set X with some or all the elements of set Y and it is denoted by "R"

. The relation R from X to Y is a set of ordered pairs whose first projection belongs to X

and its second projection belongs to Y and the f st projection is connected with the second

projection by this relation.

If (a, b) CR where aeX, b €Y

So , we exprcss this as "aR b"

. The relation R from set X to set Y is a subset of the Caftesian product X x Y

i.e.RcXxY

. The rclation can be expressed by an anow diagram or a Cartesian diagram (graphical)'

,"rron2

Relation -

Function

(Mapping)

First I The relation



Eromple I

Solution

Lesson Two @0

If x = {2, 5}, y 
= {1' 4 : 7} and R is a rclation from X to Y where

"aRb" means "a< b" for every aeX ,b eY, state the relation R and

represent it by an arow diagram and by a Cartesian diagmm.

'. 2 is not less thar 1

..)21

'. 5 is Dot less than 1

'. 5 is not less than 4

'. 5 <'/

..(2,l)GR

...(2,4)eR

...(2,7)eR

.. (s , 1)6 R

.. (s,4)e R

.. (s,7)e R

.. The relarion R = {(2,4),(2,'7) '(5 
,1)}

The following figures represent the arow diagram and the Cartesian

diagram of this relation i

The arrow diagram The Cartesian diagram

tll 
ttx= {t ,2,3} , y={3r4 r5 ,6} and R is a retation ftom x to y where

"a R b" means "a t b = 6" lbr every a €X and b CY

' 
state the rclation R and represent it by an alaow diagram.

Remark

If R is a relation ftom X to X, then : R is a relation on X and the relation R C X x X

I
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Exomple B

I

lfX= { 2, 1 ,0,1 ,2 } and R is a relation on X where "aR b' means

"a is the additive inverse of the number b" fol evely a eX and b eX
, state R , then represent it by an arrow diagram and a Cartesian djagram.

R={( 2,2),(-1,1),(0

. The arrow diagram :

x

,0) ,(1 ,- 1) ,(2,-2)j

\\.
t--\

Exomple p If the opposite anow diagram represents the

rclation R on X

. state R . rhen represent it by a Caresian diagram.

n={(a,c),(a
,(d,d),(d

X

,d),(b

,a),(e

,b),(b,c)

, a)]

11;1= {1 r 2 ,4} and R is a relation onX where "aR b' means

''! is ru ice b' lor ererl a €Y and b e X

, state R and represent it by a Cartesian diagram.

Solution

Solution

. The Cartesian diagram :

-2 1012

nbcd



lntroductory
sxqmPle

I

Solution

Lesson Two @0

111 = {0, 1,2,3}, Y = {0, 1,2,3, 4, 5,6} andR is arelation

from X to Y where "a R b' means'a = j b" for each a € X, b € Y
, write R and represent it by an alaow diagram and a Cartesian diagram.

R= {(0,0),(l !2),(2,4),(3 6)]

x

.2

2-

x
,a,

-,2.
3

iLj

5

a:.

2'

The arrow diagram

ln the previous relotion, we notice that I

Each element of the set X has been connected with one and only one element of the

elements of the set Y

Such as , this relation is called a function or (mapping).

. The set X = {O ,l ,2 ,3}
is called "the domain of the function".

. The set Y = {0 ,1 ,2 ,3 ,4 ,5 ,6}
is called "the codomain of the function"

.Theser{0 ,2,4 '6}
is called 'the range of the 1i1 ction" and it is a subset flom dle codomain of the function.

Codomain

The Cartesian diagram

El

Second I Function (Mapping)

6

5

3

2

l

0

x
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Generallg

A relation ftom X to Y is said to be a function if one of the following cases is satisfied :

1 In the relation , each element of the set X appeam only once as a ffust projection in

one of the ordered pairs of the relation.

In the arrow diagram which rcpresents the relation , each element of X has one a[d

only one arrow going out of it to one element ofY

In the Cafiesian diagram which represents the relation : each vertical line has one

and only one point lying on it of the points which represent the relation.

Exo mple I1y={1 ,2 ,3,4} , Y={t,3,s,1}
, show which of the following relations represents a function from X to Y

a)rd il ir i. a lutlcrion . mentjon irs range :

.Rl 
= {(2 ,3) , (1 , 1) , (3 ,5) , (3 ,7) , (4 ,3)}

.Rr={(1 ,7) , (2 , s) , (4 ,1)}

.&= {(2,3),(3 !,3),(1,5)1'(4,7)}

. Rl is 1-Iot a function because the element 3 e X appears as a first

projection twice in two ordered pairs of the relation (3 , 5) and (3 , 7)

. R2 is not a fuDction because the element 3 e X does not appear as a first

projection in any ordered pair of the relation.

. R3 is a functiolr because each element of X appeared only once as a filst

projection in an ordered pair of the relation , the range of\ is {3 ,5 ,7}

rfx={3,s,7,9}
, show which of the following arrow diagrams represents a function on X

(i.e. from X to X) and if it is a function, mention its range :

Exo mple

x

AO
1l l

x

.<>
x

":'-4

Solution
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Exomp_

/.->.-.la

Lesson Two @/[]

. F1 is a function because each elemenl ofX has only one arrow going out

of it to one element of X r the range of the function Fl is {3 ' 
7, 9}

. F2 is not a function because for the element 5 CX there are no arows

going out of it or because the element 3 CX has two arrows going out of it.

. F3 is not a function because the element 7 CX has two arrows going out of it.

rfx = {0 ,1 ,2,3} , Y = {s ,6 ,7 ,8 ,e}
, show which of the following Cartesian diagrams represents a function

ftom X to Y and if it is a function , mention its range :

Rr&Rr

. Rl is not a function because there are two points lying on the vertical

lire which passes thrcugh the element 2 e X

. R2 is a function because each vertical line has only one point lying on it

, the Iange of the function R2 is {6 , 8 , 9}

. R3 is not a function because there is no point on the vertical line which

passes through the element I C X

If X= {0 ,l ,2,3} , Y = {2,3 ,4,5 ,6} and R is a retation {rom

X toYwhere'aR b' means "a+ b = 5' foreach aEX r beY

, write the lelation R al1d represent it by an anorv diagram.

Mention giving reasons ifR is a lunction from X to Y or not.

And ifit is a function , find its range.

Solution

l

ffi

Lt/\a /Lf\C),t Jl-ir o!-rr) ,6tr@Jl

3
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Ersmple

'R = {(0 ,5) ,(1. ,4) ,(2 ,3) ,(3 
' 
2)}

. R represents a function ftom X to Y because each element

of X is connected with only one element ofY

Tl]e range of the function = {5, 4, 3, 2}

ll\-11.2.1./ero.+. if and R rs a relation on X

where "a R b" means "a is-the 

"-uttipticative 

inverse of b"

for each a CX , b €X r write R and represent it by an alrow diagram and

mention giving reasons if R represents a function or not.

.R={(3, +),(, "+),i,,rr,(},2),({,:)}

. R does not represent a ful1ctiol1 because the element

zero eX is not connected with any element in X

(There is no arrow going out from zero in the anow

diagram which represents the relation)

x

iO,
iQz
.".". o,

Ifx={1 ,2,3} , Y={1 ,4 '6 '9} 
andRis arelation from x to Ywherc

,,aRb,, means,4={5,' foreach aC X,b€ Y

, wdte the relation R ard represent it by an arow diagram. Mentiot] giving

reasons ifR is a function ftom X to Y or not , ard if it is a function ,

mention its range.

Solution
2

3

4

j

Solution



. The function is usually denoted by ore of the letters J or g or k or ...

and the function f from the set X to the set Y is written mathematically as :

I : X ......*Y and is read as f is afunction lromX to Y

or g : X + Y and is read as g is a fuflction from X to Y and so on ...

.If the ordered pai (X , y) belongs to the functioi , then the element y is called the image

of the element X by the function f and we express it by one of the following two forms :

J : XF+ y and it is read as.f maps Xto y

or f : / (X) = y and it is read as f is a function where J (iO = y

For example:

IfJ: X 

-Y 

where f: X1-...* X2, then J: 3l+ 9

' also can be written in the fo1m : J (X) = X2, hence / (3) = 9

Remark

The mathematical foim f (10 = X 
- is called the rule of the function / , and it is used to

find the image of any element of the domain by the function f

I

,"rron 3
The symbolic

representation

of the function
- Polynomial

functions

The representation of the function
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-Gj- Remember tholt

Iff is a function from the set X to the setY i.e. J: X+Y:then:

1 X is called the dornain of the function f

2 Y is called the codomain of the function f
3 The set of images of the elements of the set x by the function J is called the range

of the function / which is a subset of the codomain Y

Exomple I
I

I

Solution

rfX={-1,0,1} , Y = {0 , - 1 r - 2} and the function f : X-...*Y

where f (x) = x2 - 1, find the set of the function J and rcpresent it by

an auow diagram , then wdte its mnge.

': f (x) = x2 -1

... f(, 1)=(- l)'?- r -0

,/(0)=(o)'? 1=-1

,/(1)=(1)'z 1=0

.', The set ofthe function f = {(- 1

The range ofthe function J = {0 , 1}

,. (- 1 '0)e 
the set of the function f

.. (0, l)C the set of the function J

. , (1 , 0) C the set of the function f

,0),(0, 1),(1 ,0)]
XY

W
Remark

IfJ is a function from the setX to itself: i.e. /: X+X r

then we say <J is a function on X>)
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IJ I : NI+ N[ wherc ]Nl is the set of natunl numbers and / (X) = X + 1

find f (0) ,f(1) tf (2) tf (3) andf (4),then graph apart ofthe square

net of the Cartesian product trNl x N and rcprcsent on it five elements of this

function. What is the range of the function J ?

l(x)=x+ l lbleachX€ lN

means that the image of any latural numbet

by the lunction J is "the number + l"

..J(0)=0+1=1

,f(t)=2

rf(2)-3

,tQ)=a

,l(4)=s

... (0, r),(1,2),(2,3),(3,1),(4,s)

are five elements of J

. The range of f is all the natural numbers except zero. (because there is

ro natural number added I gives zero)

i.e. The range off = Xi{ - {0}

rf x= {2 ,4 ,6 ,8}

,Y = {t ,2 ,3 ,4 ,s ,6}

andthefunction/:X*Y wheref(x)=|x

, write the set of the fuflction f and represent it by a Cartesian

diagram , then find its range.

solution

5

3

2

l,

o
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-Definition
The function J : lR+R r f (X) = ao + 2, ;6 + a, x2 + ... + an X"

where ao ra, ra, r r5CR rn €Xilis called a polynomial function.

The polynomial function is a lunction whose rule is a term or an algebraic
expression in condition that the following should be identified :

Each of the domain and the codomain of the fuiction is the set of real numbers.

The power (the index ) of the variable X in any of its tenns is a natural number.

For example: The following functions are all polynomial functions :

. g: E(\)= X2 2x+1.l: f (x)=2x+s

.k:k(r0=8

I Remarh

If the domain or the codomain of a function is not the set of rcal numbers , then that

function is not a polynomial function.

For example :

. J:J (X)=1ix is not a polynomial function because J (X) doesn'texist in Rif Xequals

a negative number.

For example : f (- 1) ( R because{- 1fi R

, so the domain of the function f is not the set of real numbers.

.h:hr,Xr=l i. nor dpol\nomiJl luncljonx-"
because h (x) doesn't exist in R if -l( equals zero. i.e.h(0)elR

, so the domain ofthe function h is not the set of real numbers.

Polynomial functions

30
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I Remark

When we search if the function is a polynomial or not , we do not simplify its rule.

For example:

The function f1 : 1, ffO = X (X + |) Ooesn't represent a polynomial function

because J, (0)( JR while the function J2 : /2 (x) = x2 + 1 rcpresents a polyDomial function.

And notice that: x (x + f,) = x'? * 1 for all real numbers except 0

Which ofthe fundions defined by the fo owing rules represents

a Wlynomiol fundion I

[i]r,rxr=x(i+s)

f z6) =1ls x2 3i(+ 4 is ofthe second degree (a quaclraric luocrion)

f 3(x) = x3 - 5 x2 + 4 is of the third degree (a cubic function)

I

llfrlD=xr.x'z1

@f ,6) = x2 -^[i + t

f1(X) =3X j is of the first degree (a linear lunctior,

@ f.tx) = x'- tx2 - t1

The degree of the polynomial function is the highest power of the vadable in the function rule.

For example:

. The function J1

. The function f2

. The function f3

Remarks

. The function f : f (X) = a where ae lR {0}
is a polynomial function of zerc degree (a constant function) as / : J (x) = 3

In the case of a = 0 i.e. When J (x) = 0 , then the function J has no degree.

. When you want to determine the degree of the function you should simplify its rule to tle

simplest form beforc telling its degree.

The degree of the polynomial function
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Exsm Choose the correct answer from the giyefl ones :

1 The function J : J ( X) = X2 (2 + X)2 rs apolynomial function of

the .... ........ degree.

(a) first (b) second (c) third (d) fourth

2 The function J : J ( \ = X2 - (X - 5)2 rs apolynomial tunction of

the ............... degree.

(a) zero (b) first (c) second (d) fouflh

function of the . ...... degree.

(a) zerc (b) fi$t (c) second

4llIlx) x2 x 2.rhen/(-3)-...

(a)-3 (b) 4 (c) 10

5 Iff (lC=x2 2i(+5,thenJ(o)=

(b) 4(a) 2 (c) 5

(d) fourth

(d) 14

(d) 7

a r7 61=v2-"'{\x,thenJ(-{5)= .... ...

(a) o (b) 3 (c) 6

7 rf f (\ = x3,ften/(3) + J (-3) =

(a) s4

8 Itf (x) = ax- 6

(a) 6

solution 1 (d) The reason

2 (b) The reason

3 (a) The reason

(b) 21

, J(2)=0,thena=
(b) 3 (c) 3

(c) 6

@)2la

(d) 0

(d) 0

': I V) = x2 (4 + 4 x + x2) = 4 x2 + 4 x3 + x4

.'. J is a function of the foufih degree.

'.' f (x) = x2 - (.xz - lo x + 25) = x2 - x2 + lo x - 25

= 1O x-25

.'. f is a function of the first degree.

'. /fxl=,j(a-(Xa l)=xa xatl=l
.'. J is a function of the zero degree.

Substituting by i( = - 3 at the function rule

... J(-3)=( 3)'? ( ! 2=9+3 2=tO

.l (c) The reason
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5 (c) The reason

6 (c) The reason

7 (d) The reason

(c) The reason

Substituting by X = 0 at the function rule

... f (0) =o'?-2 (0) + 5 =0-0 +5 = 5

Substituing by i( = -{5at rhe function rule

[] The function I : J (X) = i( (X 3 
- 2) is a polynomial function of the .....

(b) second (c) third (d) fourth

(d) 13

(d) 3

(d) 15

@lriy 19 = 1z 1;6- 1 , rhen f (1)+J( 1)=........

(b) 0 (c) 2

l.+]trl(x)=ax+t , /(2)= 15,thenk=

(b) 4

,provethat:f (2{2 +t)=zy(t 15)

**r: .. tQlit r)=(:l[+ r)') z(:1D+ r)+s

] =s +t+4lr-Ay': z+s-tz (1)

, r ( -16) = (r -^[i)' z (r -1tr) *s

= 1+2 212 2+21[i+s=6

From (r) and (2) , ... 7 (z^,[i + r) = z i (r 1tr)

[4trr rro= : 5 x, thenf (-2) --

(b) s

lff(X)=x2-2X+5

(c)'7

(c)'7

Exsmple !t

l

r( r/l)=(-r,6)' (t/;)(-rq)=,.,=u
.: le)=33=2't , /(-:)=( :)3=-zz

...j (3) + I C3)=21 +( 27)=o

'.'f(2)=0 ,. ax2-6=O

,',2a=6

Choose the corred dnswer from the given ones I

d r/\a /?f \(? rur !LrL"r) l6lr-OJl

(2)

degree.

(a) first

(a) 1

(a)-2

(u) 2
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Solution

If J (x) = 2 x + b and g (X) = r(2 + b and it/ (2) + g (- 4) = 30,

thenlind: f( 2)-g(2)

'.' f (2)=2x2+b=4+b

,.lQ)+E( a)=30

.'.20+2b=30

.. 10 -<

:.f(.x)=2x+5 g(x)=x2+5

f( 2)=2x(-2)+5=l , EQ)=22+5=g

J(-2)-s(2)=1-e= 8

, g(-4)=( 4)2+b=16+b

.'.4+b+16+b=30

..2b=30-20=10

, then prove that : f (2) + 3 g (3) = 0W4
I

fif(n-2x+5andc(x)=x-6

Free port
Notebook
. Accumulative lests.

. lmportanl questions.

. Final revision.

. Final examinatlons.
Your Woy to Success



-Definition 

-

Thefunction/:lR-...-lRwherel(x)=aX+b rae m- {0} ,tC m

is called a linear function (it is a polynomial function of the fust degree) .

Examples of linear functions ;

. J :lR+lRi 'f (x)=x-l

.l : R-m ,111) = 2x+ t

.f :rR+lR,t@)=3x

Notice thot :

In each ofthe shown functions '
the index of r( is 1 , therefore each of
them is a function of the first degree,

. The linear firnction / : lR + lR where f (X)=aX+b,ae R {0},be Ris
represented graphically by a sh-aight line inte$ecting :

The y-axis at the point (0 , b) - The x axis at the poirt (+ , 0 )
. To represent a linear function , it is enough to find two ordered pairs belonging to the function.

. You can find a third ordercd pair to check that the three points are on the same straight line.

Eromplq I Graph each of the following linear functions :

| , r,rrrr=r"-, 2 ttt(x)= 1v
)'"

Lesson

The study

of some

polynomia!

functions
I

\

First I The linearfunction

The graphical representation ofthe linear fun(tion



solution

z1

1 Determine three ordered pairs belonging to the function.

': f (x) =2x 3

...J(-1)=2( 1)-3= 5

!, \1/-z^r J--r

a\dl(2)=2x2 3=1

You can arrange these

ordered pairs i1-I the

opposite table :

Locate these three points which represents

the three ordered pairs in the Ca esian plane

and drau the stralght line L which prsse'

through any two points of them.

Then check that the third point lies on the same

staight line.

Then this staight line is the graphical

representation of this functjon.

Notice thot :

. The point ofintersection with y axis =

. The point of intersectioll with X axis =

2 . r(x)--

From the opposite gmph notice that ,

the straight ]ile L passes through the

origin point O (0 , 0)

Gener:iig

The function f : R_-R where I (i() = ax r a eR*
is reprcsented graphically by a straight line passing through the origin point (0

...( 1,-5)Cf
,.,(1 ,-1)eJ
.'. (2,De f

(0,b)=(0,_3)

r*,0=(i,,)
1^.

-, )"

,0)

Wl Reprcsent stdphica,y each'l 
cr, r (x) =3 x-3

I

of the following linear fundions I

x 1 1 2

y=l(x) 5 ,1 l

y=t(x)

lAf , I txt -zx

x 0 2 -4

0 1 2
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,3)

3=ax0+b

7 =2a+3

If the shaight line representing the function / : lR .+lR where

f (\ = 1l x a intersects the x-aais at (2 , b)

, find the vaiue of each of a , b

Definition

The lunction / : lR * R where I (I ) = b r b e IR is called a corstant furlction.

For example:

J : f (X) = 5 is a constant function where / (1) = 5, J (0) = 5, J e b = 5,... and so on.

Theconstantfunctionf:f(X)-b(wherebelR)isrcpresentedbyastraightlineparallel

to X-axis and passing through the point (0 , b) and this line is :

Solution

Lesson Four @0

If the point (a , - a) lies on the stuaight line representilg

the function f: f(X)=X 6 , find the value of a

If the straight line representing the function J : R + R where

/ (X) = ai(+ b intersects the y-axis at (0 ,3) and J (2) = 7

' 
find the value of each of a , h

1 . (a , - a) lies on the straight line representing the function f
.. (a : - a) satisfies the function

,,2a=6

..2a-4

2 . The stnight line intersects the y axis

. . (0 , 3) satisfies the function

. aboYe.l(-axis ifb > 0 . belorv X-axis if b < 0 . coincidert with X axis ifb = 0

@

. t^_.1

Second I The constant function

The graphical representation ofthe constant function
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The following examples illustrate that:

Exo mple

(a) <

3 If f (x) = 5 , then 2 J (3) = .. ......

Choose the correct ansrver from the giyen ones i

1 The function f : lR +lR where J (x) = 3 is represented by

a straight line intersecting y axis at the point ........ ...

(a)( 3,0) (b)(0,-3) (c)(3,0) (d)(0,3)

2 If f (x) = 4,thenf (2) ............ J (3)

(b) >

4 ll/1x) 7.rhen/(7)-/r 7i=............

(a) - 14 (b) 7 (c) 7 (d) 14

5 ri/ (x) = 2 . rhen / rx 2l =.....

(a) 6

(c) =

(c) 2

(b) J (6) (o) 10

(b) 0

(d) r

(d) 3 f (2)

(d) 4(a)-2

1 (b)solution

2 (c) The reason : .' J is a constant function ..I (.2)=f {3)=4

ttl(x)=-3 f:f(x)=oftf(x)=2

The straight line is below

i(-axls and passes thrcugh

(0,-3)

The straight line is

coincident with i(-&\is and

passes through (0 , 0)

The straight line is above

i(-axis and passes through

(o ,2)



3

4

(c) The reason :

(d) The reason :

Lesson Four @0

'. J is a constant function ..2J(3)=2x5=10

'. J is a constant function

.'. f ('7)+.f (-1)=1 +',1 = 14

'. J is a constant function ..f(X 2)-f(x)=2

r
5 (c) The reason :

Represent graphically f : f (X) = - 1, then fi nd the following :

ElThe degree of the function f

[!y1zy+11-zy

Elrrsr

Lrlr r- xl

Definition
The tunction f : IR .+lR where I (X) = a X2 + b X + c

where a rb and c are realIlumbels, al 0

is called a quafuatic function (it is a pol),nomial functior of the second degree).

Examples of quadratic functions :

lR-[t tf (x)=x2

R+nt , f (x) = x2 -2

R+R'J(x)=3 x2 -'7 x+2

lR-lR,l(x)=6 x2+x

aNotice 
thot : 

-

i In each of the shown functions , the

highest index of X is 2 r therefore each

of them is a function of the 2'd degree.

We know that the domain of the quadratic function is the set of real numbers lR which is an

infinite set. So , to represent this function graphically r we should rcprcsent it on a celtain

interval by determining some of ordered pairs which belong to the function. Then we draw

the cuNe (paved culve) passing tkough the points which represent these ordercd pai6.

The following examples illustrate that:

Third I The quadratic function

The graphical representation ofthe quadratiG fundion
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Exomple !l

I

Graph each of the following quadratic functions :

| [. f (x)=x2,takingxC [ 3 :3]

2 f :f (x)=-x2,takingx€ [ 3 ,3]

1 f (.x)=x2

x 3 2 1 0 1 2 3

J6) 9 4 1 0 I 4 9

Notice that:

The coefficient of x2 > 0

. The point (0 r 0) is the point of
the verlex ofthe cuNe , it is

considered as a minimum Yalue

point of the curve because

the whole curve lies up on it.

. The minimum value of the

function is zero which is the

y-coordinate of the vertex of

the curve.

. The curve is symmetric about

y-axis

i.e. The y-axis is the line of
symmetry of the cu e and its

equationisX=0

Solution 2:f (x)=-x2

x -3 1 0 I 2 3

f (x) 9 4 1 0 ,1 -4 -9

Notice that :

Thecoefficientofx2<0

. The point (0 , 0) is the point of

the vetex of the cuive , it is

considercd as a maximum value

point of the cuNe because

the whole cuNe lies below it.

. Thc maximum value of

the function is zero which is

the y-coordinate of the vertex

of the cuNe.

. The curve is symmetric about

y-axis

i.e. The y-axis is the line of
symmetry of the curve and its

equation is l( = 0
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Generollg ,

The quadratic function f : f (X) = a Xz + b X + c where a, b and c are real numbers

, a + 0 has the following properties :

'l The vene,\ of rhe cu.u" = i b- , r I b 
1)"- "'"" - \ 2a'' \ )at)

2 
I 
If a (the coefficient of x2) is positive , then tlrc cufle is open upwards and the function has

a minimum value eourl* 1. /11, " \ 2a/

3 If a (the coefficient of X2) is negative r then the curve is open downwards and the function

has a marimum value equats I ( . 
b 

)' " \2a

t The curve of the function is symmetdc about the vefiical line which passes through

the vertex of the curye and the equation of that line is : X = * and it is called the axis

of symmetry of the cuNe.

*'"1

solution

Graph the function J I I (X) = X2 -2x-3 r taking Xel- 2 )4]

, then from the glaph , find :

I The point ofthe vertex of the cuNe.

2 The equation of the line of symmetry.

3 The marimum or minimum value of the function.

l6)=x2 2x 3

x 2 1 0 1 2 314
I05f (x) 5 0 -3 -4 3

From the graph , we deduce that :

I The vertex of the curve is (1 
' 4)

2 The equation of the line of syntmetry is

x = | . ir i( a (lraighl line parallel to y-aris

vertex of the curve.

3 The minimum \alue ollhe luflction =-4

and passing through the

tj+,

1r/\J /Lr(a; euJ eL;U) JElr,@JI
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! Remark

We can fo1m the table used in graphing the fu\lation f . f (n = x2 -2 x-3 \\herc

x e [- 2 , 4] by using the scientific calculator which suppofis (Table) as follows :

O Tum the calculator on (Table) as follows r Press "fl' , then choose IBBLE

O Input data : Write the rule of the previous function , press successively the following

6u11ons. !e!_ frieeEf deo
O Press the button (E , then at the beginning of the interval 5I8Rlr wdte @ (E 

'
then press (p

O At the end of the interval Eii! p write the number @ ,

then press [l
O To determine the length of the interr'al sEP p wdte E , then

press fJ

Exqmp craph the function f 't f (x) = - x2 +3 x+ 2 t tzh;tg xef- 1 t4)

I then find :

1 The maximum value or minilnuln

vaiue of the function.

2 The equation oI the line olsymmetr).

x 1 0 1 2 3 4

J (x) -2 2 4 4 2

When we represent these ordered pai$

, we notice that the point of the vertex

ofthe curve is not among these points

which rnakes the drawing of the dotted

part in the opposite figure is inaccurate , so the studying of the curve will

be diflicult , then we should find the veftex point ofthe curve algebraically

as the following :

F(x)

-l

-l

x

t
5

solution
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Finding the yertex point

At the poiut of the vertex of the curve of the quadratic functiol , it will be I

. The x-coordinate = *
. The v-coordinate = I (=!)

where b is the coefficient of X , a is the coefficient of X 
2

,'. X at the vertex of th" 
"o*" = ,f =

,,r(t!)=-l.l*z=at
.. The vertex ofthe c*r" is (t j , + {)

From the vertex of the curye ,

we find that :

I The maximum value = 4 *

2 The equation of the iine of symmetry

rsx=rt

@aph the cuwe of the function f : f (X) . X2 + 2 X - 3 on e intewdt [- 4, 2]

tuom the graplL find :

-l ,l

[!] The maximum or minimum value of the function.

12 ] The equation of the line of symmerry.

Exomple In the opposite figure :

ABCO is a square and the curve represents

thefunctionf:f(r=X2
Find the coordinates of the points :

A,BandC



Solution
Draw the square diagonal AC to intersect

the another cliagonal Ed at the poirlt M

'. The two diagonals ofthe square are equal

in length and bjsect each other.

.. MA-MB =MC=MO and 1et : MA- 1

.. l',rl = l,re = I\4C = I4O = I

... ed,0,c r-1, lt,s ro,zl)
'. Atl . 1, C rne r'u ncuon I : r {,\1 - x -

By substituting in the rule oI the function

... t=t,

..I=0Gefused)

.. A(l ,1),B(0,2)andC( 1,1)

... 12-l=o ... lrl-rt=o
o. I 1=o ..!=t

z1



o

s)4l

Unitobjectives: By the end ofthis unil studenishould be able to,

. recognize the concept ofthe ratio.

. recognize the properties ofthe ratio

. recognlze the concept of the proportion

. recognize the properties ofthe proportion.

.recogn ze the conceptofthe continued proporuon.

. use the properties ofthe ratio and the proportion for solving a lot of problems.

. reLogr Le the Lor (epL ot rl'p d , ecl ,,,a'a_ on.

recognize the concept of the inverse variation.

.differentiate between the directvariauon and the inverse variation

' solve reallife prob ems on the directvariation and the lnverse variation.

appreciate the role ofmathematics in solving a lotofreallife problems.

Use
,ourEh..tphoneo. ]

t,bl.tt...,n thp I

qR code did enioJ
wdich is v de.s +J

ffi :8,*"_'!_-t

:

z
Ratio, proportion,

direct variation
f and inverse

variation

LessonOne Ratio and proportion.

Lesson Two ofFollow properties

proportion.

Lesson Three continued proportion.

Lesson Four Direct variation

and inverse

variation.

'!=\
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We have studied in the primary stage that the mtio is one of methods of compa son betweefl

two quantities.

For example:

If a pie is divided into four equal parts and Hany ate one part only of it , then :

. The ratio of what Hany ate to t}Ie whole pie is 1 : 4

and it may written as ]
. The ratio of what was left of the pie to the whole pie is 3 : 4

1
and rt may wfltten as ;

. The ratio of what Hany ate to which was left of the pie is I : 3

and it mav writren as l

Generallg

If a and b are two real numbers , thcn :

The rarro betneen a anJ b i. qnttcn as.r. b ot I
h

and is read as a to b whele :

a is called the antecedent of the ratio, b is called the consequent of the ratio
called togethel the two terrns ofthe ratio.

,.*on !

Ratio and

proportion



Lesson one @0

Eailo
The value of the ratio does not change if each of its terms is multiplied or divided by

the same non-zero real number.

Le.
a:b=ak:bkrkClR+ a,b=4,bnn , n CIR.

For examPle: For examplel

4:6=L:L
@@

i,e.4:6=2:3

a:b*a+k:b+krkelR'
where a * b

For example:

3:4+3+Q):4+(.1)

3:4*415

The opposite table shows two sets of numbels.

If we look at these sets , we can notice that :

? = + = * = 1r, = * each of them equals ]

a:b*a k:b-k rkelR*
where a + b

For example:

5:8 +5 -@: s-@
i,e. 5 :8 *2:5

The set (A) 2 4 1 3 6

The set (B) 8 16 28 12 24

In this case , we say thal the numbers of set (A) are propoftional to the coresponding

numbers i11 the set (B)

The previous form rvhich expresses the equality of two ratios oi more is called propodon.

D ef inition of pr oportion

1t2=1 x(i) .2x(.4)

i.e.1:2=4:8

@a,tfo
The value of the latio (l 1) chtinges if we add or subhact (to or flom) each of its two terms

a non-zero real nxmher

t.e.

It is the equality of two mtios or more.

Properties ofthe ratio

Second I Proportion



!
Z
f

i.e.

If I = 
c .rhentlequanririesx.b.canddareproporrionxl.bd

Andviceversa: lla.o "ca:rddarepropoflional.then, 
u =''bd

. [a]is caUed the first propo ional. . {1]is called the second proporlional.

. 
[c ]is called the third proportional. . [4]is called the fourth proportional.

[3 -a a ] u." 
"ull"a "rtremes 

and I b and c I arc called means.

For example: The numbers 1 r 4 ,7 and 28 are proportional numbers , because

And : ltr is the first p1opo1tional, (4 is the second propoftional , O is the third propofiional ,

[2q]is the foulth proportional, I I and 28 lare the extremes of this proportion and [ 4 and 7 ]

ale the meaDs.

@,ffi
tff = f , then : a x d =b x c (the product of the extremes = the product ofthe means)

'I'hereason: If we multiply each ratio by b d,weget: +x b d= ax b d

Choose the correct answer from the giyen ones :

1 The third proportional for the quantities 2 ;4 and 20 is .....

(d) 40

2 The foufih propofiional for the numbers 4 r 12 and 16 is

(a) 24 (b),r24 (c) 48 (d) t 48

3If 2 tX t 4 arLd 6 ate proportional ,then X=

I (a) The renson I Let the third proportional be X

. , The quantities 2 , 4 , i( and 20 are prcpofiional

.2=X"4 20

.'.40-4x

1='1
428

*r"l

Solution

(a) 10

(a) 1

(b) ls

(b) 3

(c) 20

(c) s (d) 8

..2x20=4xX

.. i(= 10

Properties of proportion



Lesson one @0

(c) The reason i Let the lburth propofiional bc X

.. The numbers 4 , 12 , 16 and _l( are proportional

- l- -E ...4y=17)lb ..x=12'lo=+R..t2 r ..

(b) The reason : . 2 , X 
' 
4 and 6 are proportional

...2=! ...qx= rt ...x-3xo

@r*"* 
..ttties x r 23, 15 and 69 are Foporti onar,firutthevdlueof:x

*r"l
Solution

.'. 12 x= 6O .'. X=5

Exqmp]g q rt e x + 5) | (3 x - 3) = 5 : 4 r find the varue of : J(

Find the number that will be added to each of the numbers : 1 ; 13 ;7 afi,
31 to get proportional rlumbels.

Let the number be X -'.7+X,73+X'7+X 
'31 

+ X are Eoportional.
l+X 'l+X

.'. l:*x - 
:lt *x .. (r(+ l)(X+31)=(X+7)(X+ Il)

.'-* +32 x+31=X2 +20 x+91 ...32 X-20 X=91 -?1
.'. The rcquired number = 5

..2x+ 5 _ 5' 3 X-3- 4

..8x+20=15 X 15

..35 ='7 x

..4(2x+5)=5(3x 3\

..20+15=15X 8.rC

.- 35 .

Exqmple I
I

Solution

Find the number that if we add to the two tems of tlile r^do 77 ..22

, the resulr will be 6 : 7

Irt the rcquired number be x

.'.7 (11 + x)=6 (22+ X)

.. '1 X 6 X= 132- 119

- 17+X_ 6" 22+X- 7

.'. 11.9 +7 X= 132+ 6 X

.'. X (The required number) = 13

Find the real number that if we subtact from both rerms of the ratio f
, it will become ]

solution

rt/\a lLrl|; oliJ or+LJ) ,€t*€Jl
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If a x d =b x c

Solution

l
Exomple I

solution

Ercmple 

I
solution

bd

The reason : If we divide each side by b d , we get :

bd
Also we can deduce that :

In each of the following

1 12X=3v

1 .12x=3y

2 '.4x 3y=0

.. /iI 3y 4' 2X+Y 1

..28X 2l Y=8I+4Y

..20X=25y

'7 (4x 3y)=4(2X+y)

28x-8x=zly+4y
x _25
v20

bd
axd
bd -

, find 11 if :
v

2 4x 3Y=a

... 4 x=3 y

tf 4 x-3y:2 x+ y = +, find in the simplest forrn the ratio j(: y

x_3 _1
y - 12- 4

.x 3" v- 4

tr=,
fv 2)

fi ;t
|, ll

. x=5
'' y 4

lfZx2 6y2=Xy,find:X:y

'.. 2 x2 6y2 = xy
.. (2x+3y) (x 2y)=o

,then? X= 3y

ot x 2y =0 ,thenx=zy
.xrx')
l.e. =-=- or 

-=:vtyr

.', 2 x2 -xy 6y2 =o

:.2X+3y=O

.Ifaxd=bxc

.Ifaxd=bxc

.Iffxd=bx-c

h

.hll
, then

ab
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[1)ttza-su=0,/tna:f

rf x*2v 
=4x 3y

f:lrt+a2 gt2=o,find :atb

, then prove that :
x 

=3y2

E@O
-^a c a blI = rlnen-=-

bdcd

i.e. The antecedent of the first ratio The consequent of the first ratio

The antecedent ofthe second ralio The consequent of the second ratjo

The reason : If we multiply each ratio by a , we Set : f x 4

i.e. L=a
cd

In the opposite figure :

ABC is a right-angled triangle ar B in which :

D €AC , E CBC wh"r" Oe -L BC

, DE= 3 cm. andEC =4 cm. Find I AB : BC

ln AAABC , DEC : m (1 B) = m (Z DEC) = 90"

..m(ZA)=m(1 EDC)

.. AABC-ADEC,lhsnwgdqduce rs1 4E
DE

=t * b

d -t2'

Forexample:If1={,trr*f= t *o *=tr

C,1cn E B

rlCisacommonangle

.AB RC'' 3 ,1

. AB_..BC

=BC
EC

3

4

@

solution

n+=+,thena=cm and b = dm (where m is a constant l0)

Forexample:If L= f , then ta=3 m,b=4m(wherem isaconstantt0)
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Exomple p

Solution

If a:b = 3:5 rfind the ratio 20 a-7 b | 15 a+ b

-a -: ..c=Jm . b-5m (wheren=0)
b5

Substituting by a and b in terms of m :

. 20a-7b _ 60m 35m_ 25m
'' 15a+b 45m+5m 50m

Another solution :

By dividing the terms of the rado fl:# by b

, then substituting by th" uulu" I = 3

t2 '7

9+1

.. ^ 2
'b 3

.. .x 3'"v 5

lNotice that : We used two different constants m and k]

Substituting by a rb rXandy

. '7 aX+4by 7x2mx3k+4x3mx5k
'' ll ay+bX - 11x2mx5k+3mx3k

42mk+60mk 102mk 6

ll0ml-9m(-ll9mk-7
.. 12 _ 6
'14'l

.. ('7 ax+4by), (11 a y +b x) ,12 and 14 are proportional quantities.

ll " =i . provethat:t2X+\ r.(X | 2)).l2.rnJ 16 are propo.t'o,ral

qrLairtities.

)or-1q- 2nlf ) -'o + 
.,

rsa+b rs(f)+r 1sx++r

1

2

5 =1t02

Exomple 4,, +- 3 
..0 i ={.provethat:

t'7 a X | Abyt.r lr a) +bXi. l2and 14 arepropoaional quantitie..

.'. a=2m t b=3m (wheremt'0)

.. x=3k , y=5k (wherekr0)

Solution
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Exomple In The ratio between two real numbers is 4 : 7

I If we subtract 1 6 from each of them , then the ratio between the two
II obrained number. i,2 :5 Find rhe tuo numberc.
1

Let the two numbe$ be a and b

. a _4'' b - 7

. 4m-16 _ 2''?m 16 5

.'.80-32=20m-.14m

:.a=4x8=32rb=7x8=56

The mtio between two integers is 2 : 5 If 2 is subtracted from the first integer

and 1 is added to the second , then the ratio becomes 1 : 4

Find the two integers.

Solution

.'. a=4 m,b =7 m(wherem*0)

..14m-32=20m 80

...48=6m ..=f =S

i.e. The two numbers are 32 and 56



In this lesson , we will study the property (5) from properties of plopoftion , belore studying

this proporly , we $/ill study an important renalk in plopol'tion to help us solving problems.

lmportant remark

* If a , b , c and d are proportional quantities and we assume that :

@=bm , O=dm
bd =m r then

ffa
b

Ifa
q
b

3L - l'
4""-?'="=3d4

rb rc rd

-d-T
, e , f , ... are ploportional quantities and we assume that :

=..=m,then (a)=bm , (c)=dm , (e)=fm,..

,thena=

Ifa r b r c and d are proportional quantities , prove that:

2a+3c 2b+3d
7. .5.=7b .5d

Ler 
b =7=m ..I

L.H.s.= 2bm+3dm - 
m(2b+3d)

7bm 5dm m(7b 5d)

a+c *+c2
b+d eb+cd

l)=bn ,

_2b+3d
7b 5d = R.H.S.

54

,arron 2

Follow

properties of

proportion

For example:

* Generallg

*r"l
Solution



Lesson Two @0

T.et1=a=m
bd

..(a)=bm,(c)=dm

.. a+c _ bm+dm _m(b+d)

Ifa rb rc rd,e and f are positive propofiional quantities ,

' b+d b+d (b+d)
(l)

.. at t(: rbrn12 trdrnri b.r'+d.m rn ,b'_d, 
- I' ,b *-d -bfl b I d r . J - b n, , d, n,, - nr &/ dt- '-

a2+c-
Frorn r I r;nd r2 t ne dedrrce that : ''' -b+d ab+cd*r"l

..(a)=bm, lc)=dm , {e)=fm

=1F=-

a2+c2+e2

b2+d2+f2

W o+=+ ,provethat:#*= 4b+3d
,[a+3c

,963
We know that: |5 = lO = s

. If we add the antecedents and consequents of the ltt and the 2nd ratios, we get the ratio

: - I - l: = I * ni.n is one o[ rhe given rarios.l5+10 2J :
. AIso if we add the antecedents and consequents ofthe 2'd and the 3'd ratios, we get

11rs ,n1i6 -!--l = .1 = one of the siven rarros.10+5 l) -
. If we add the antecedents and consequents of the three given ratios , we 8et the ratio

-9-:-9 
I I 

= ]! = J =one olrhe pi\enrarros.
15+10+5 JU

hd f

a

' t=-

a2+c2+e2 a

b2+d2+f2 b

Solution

b2+d2+f2

m2(b2+d2+f2)

(b2+d2+f2)

+

b2+d2+f2

5
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. Since the ratio does not change if we multiply its two terms by a noo-zerc rcal number ,

then if we multiply the two terms of the first ratio by any number as 2 and multiply the

two tems of the second ratio by any other number as (- 4) , the[ the previous propofiion

stays true.

, 18 24 l
JU _40 :

.If we add the antecedents and consequents of the lirst and the second ratios , we get

rne rario l! "1=.,u^- J- oneofrhegiven rarJos.l0 40 -10 )
.If we add the antecedents and consequents of the three Btios, we get the ratio

l8 24+3 -l I ",
; ;a;; = - = ; one ol the si\en r.rios

From the previous points 
' 
we can say that :

If we have some equal ratios , then we car obtail many other ratios , each of them equals

any of the iritial ratios. This will happen by adding the antecedents and consequents of

all the ratios or some of them dfuectly or after multiplyiog the two terms of each ntio by

a llon-zero real number.

i.e.

.^a c el't=;=i= und 
',, 'trh'm.r' are non-zero real numbers

ml a+m2c+m3e+,..
, then = one of the given ratios.

m1b+m2d+m3f+..

Remark : The first problem in example (1) can be solved by using the previous property as

follows ;

'. a , b , c afld d are proportional quantities.

.. I = | mulriplrinBrherwolermoof rhe I Irario by 2 and rhe 2 ' by Jbd

Then the sum of antecedents : The sum of comequents = one of the given ratios.

2 tlll = one of the given rar io". I I l2h+ld

Multiplying the two tems of the l't rario by 7 and rhe 2"1 by (- 5) then

the sum of antecedents : the sum of consequents = one of the given ratio

''' #a* = o"" o"ne giver ratios (2)

2a+3c_7a 5c
2b+3d 7b 5d

2a+3c _2b+3d
7r-5c 7b 5d

From (1) and (2) : ..



Eromple I

Exomple I

Lesson Two @o

ffu=b=.,453
Iind.a b+c

a+b-c

Multiplying the two terms of the 2nd ratio by (- 1) r then add the

antecedents and the consequents of the three ratios i

.. a- b-c - a-b I c 
=oneol the siveflmtros.4 5+l 2 '

Multiplying the two tems of the 3 ratio by (- i) , then add the

antecedents and the consequents of the three ratios :

., a'b-c 
- 

o'b-t 
=oneolthesirenratros.4+5 3 6 -

trom(l)and(2):.. a b+c -a lb-c
26

. a b+c_2_a
'' a+b c- 6 - 3

,. a+b b+c c+r
]t s 4

orovethat: a+b+c =E' 5a+4b+3c 2)

Adding the antecedents and consequents of the th(ee mtios .

.., The.urn ofanreccden,. 
= one ol the gi\en ratio..

lbe sum ol consequents

- one ol lhe si\ en ralro\.
24

.. a*b ic - one of the siven ratios.t2-

(r)

(2)

(l)

Multiplying tie two terms of the lst mtio by 3 and the 3'd by 2 and adding

the antecedents and consequents offie three ratios

.. The sum ol antecedent' -oneolthe sirenrarior.
The qIm nl..nqe.Denr

= one of the siven ratios.

.. 5 a +4 b+ J c 
= one ol the pi\e[ratios.

50-
From (1) and (2) :

a+b+c
5a+4b+3c

.3a+3b+b+c+2c+2a'' 33+9+8

_12 - 6
-50-25. a+b+c _ 5a+4b+3c"n-50

(2)

Solution

Solution

^r 
.: Lr.; -t--- lalza,ll 57 

I
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l

,. a+4b 4b+7c 7c+a
Yr )u )wr5" S7!Y

Drove that : 1= {
' )b v

Multiplying the two terms of the 2nd ratio by (- 1) , then add the

antecedents and the consequents ofthe three ratios :

. a+4b 4b '7c+7c+a _2a_a" X+2y 2y 5z+52+X 2X X = one ofthe given ratios. (l)

Multiplying the two terms of the 3'd ratio by ( 1) , then add the

antecedents and the consequents of the three ratios :

. a+4b r4b r7c-7c-a _8b_2b'' x+2y+)y rsr-sr-x= 41= 1 =oneorrneglven rarlos

From (1) and (2) : +=+ 2b v

b-2c c-2a

3a-5c
y+22

b-,la

Solution
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Definition

I he quantirje. x . b and c are .aid ro be in.onLlnuect O.oponion irfl = | o-

In this proportion , a is called the first proportional 
' 

c is called the tlird proportional

and b is called the middle proportional (proportional mean).

For example:

Thenumbers4,6and

where 6 is the middle

9 form a continued propofiion because : f, = f; or Oecause : 1e;2 = + x 9

propoftional , 4 is the first proportional and 9 is the third proportional.

3 The middle proportional between 3 x 3 and 27

EIllIE

_ltE*J

b2=ac

Notice thot : -
tl If a, b and c are in continued proportion r then : b2 = a c i.e. u = t1/ac

and the two quantities a and c should be either both positive or both negative.

@ For any two positive numbers or any two negative numbers .l( and y , there are two

nriddlc proportional ( {xf rra flx f )

*rr1
2 The middle proportional between 3 ald ]

(a)t I (b)e (")+

Choose the correct answer from the giyen ones I

I The middle proportional between 5 and 20 is ...............

(a) 10 (b) l0 (c) r 10 (d) 100

Xis.. ....

(d)t9xa(a) 9 x2 (b) Lg X2 (c) 9 Xa

tarron 3

Continued

proportion
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4 The l;r,r propoflionar of ' 2 and l8 is

(c) 12

5 The third propoltional of 6 and 12 is.. ..........

(a) 24 (b) 6

(a) 8

(a) The reason

(b) The reason

4 (a) The reason

5 (a) The reason

(b)i8

Let the first proportional be a

. a ' 12'' 12- 18

Let tl'ie third proportional be c

612

(d) 21

(d) 12(c) 18

1 (c) The reason r The midcllc proportionot = tl s )< 20 = t1f100 = t to

The middle proportionni =. fi L = t15= . 1

The rrliddle propoltionaf = t1E xt\:zr = tlGl x'
--o.2

12^12 ^'''- t8 -"

ab
hc

l2t 12

-6

(1)

..@="-'

t.e.

r b-cm
Ifa=j=mrtheni

b C ( a=Cm-

Solution

W o Find the middle proportionat between 32 and 18

I e nnr rn, fio, orooortiondt of I and tG

Remark

If a , b and c are in continued propoftion and we assume that :

I

.h.Ihen - = m

Substituting for b from ( l) : .. a = (cm) m

'"@=".n
.'. a=bm

Exomple 
{ tt, . u unt . *e in conrinued propoflion .

' 3b: a
Prole that : -:j:--i-j: = "



Solution

Lesson Three @0

-ah

4 * -3b2" 
4b2 -3 C 4(cm)2_3c2

a cm2

c _'

From (1) and (2) 
' 
we deduce that

Another solution :

.. a _ b'b-c

...@=cm .@=.,,
4 (cm)2 3 (cmr 4Cn4-3c2n2 c2nP(4m2-3)

4c2t?-3c2

4* 3b2
' 

4b2 -3 c2

= R.H.S.

c2 (4 n12 3)
=.2 (l)

(2)

(1)

(2)

(r)

. . L.H.S. =
L4*-3ac _a(4a 3c)_

c(.la 3c)4ac-3c2

If b is the middle proportional between a and c , prove that :

I a-b _ a-9

2 ab c2=(b c)(a+b+c)

'. b is the middle proportional betlveen a and c

.. a , b and c a1e in continued propoftion

-abLet t=a=m

- (u) = "- , at) = cm'z

a b _ cm2 - cm _ cm (m - 1) _ m-1
d cm2 cm2 m

a c_ cm2-c _ c (m2 1) _c(m 1)(m+l)
a+D cm2+cm cm(m+l) cm(m+1)

From (1) and (2) , we deduce that:

2 . ab c2 = cm2 x cm-c2=c2m3-c2="2i-3- 1;

, (b c) (a+ b+ c) = (cm-c) (cm2 + cmtc)

=c(m-1)xcGr2+m+1)

=c21m l.i 1m2 +m+ 1) = c2 (m3- 1)

Frcm (1) anct (2) , we deduce that I ab c2 = (b c) (a + b + c)

3 cz 4b2 c2

ml
m

Solution

If a r b and c are in continued proportion 
' 
pfove that :

3b2-4* b2

(2)
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The quantities a , b , c rd,. are in continued proportion if:

For example:

The numbers 16 ,24 , 36 and 54 are in continued proportiol

becanse: ]f =+=# (eachLatio=l)

Remark

IJ a , b , c and d a.re in continued proportion and we assume that :

c

d -m ..e)-dm

b'i=, .h=cm

Substituting for c from (l) : .. b = (dm) m

abc
bcd

abc_
bcd r tlten :

(t)

a

't=-
Substtuting for b from (2) : .'. a - (dm2) m

.'. @-a-'z (2)

''' CO = a-'

i-

-^ a h

hc
t,l

-J=mttllenlc=om '

If a rb rcandd are in continuecl ptopoltion

, prove that : 6{fr- = ffi

drr3+d

*r"l
r..t1=!=L

bcd
. a+d
'' b c+d dm2-dm+d

=m+1

=m+1

(l)

(2)
a-c dm3 dm dm (m2 l)-b c dm,-dm dm(m-l)

Florn ( I) and (2) , wc deduce that :

(m-1)

a+d
h c+d -h-c

Solution
.: (f = am, G)= a-2, (!=d.3
d(m3+1)

d(rr2-m+1)

_(m+1)(m, m+ 1)

m2 m+ 1

(m 1)(m+1)

162

.c and da"e incontinued nroponion . provethat :; ii =;l;

Generalizing the definition ofthe continued proportion



Lesson Three @fl

Exomple EI If ttre quantities a ,2 b ,3 c and 4 d are in continued proportion r

prove that : (2 b 3 c) is the middle proportional between (a - 2 b)

ard(3c-4d)

L"'rbr = j: = j: =,, rc =arlm ' 2b =adm2

Proving that : (2b - 3c) is the middle propoftional between

(a- 2b) and (3c - 4d)

meansproving that : (2b -3c)z = (a 2b) (3c 4d)

.. (2b - 3c)2 = (4 dm2 4 dm)2

=(4dm(m t))2 = t6 d2 -2 (- - t)'

, fal=+a-3

(l)

, (a 2b) (3c - 4d) = (4 dm3 - 4 dm2) (4 dm 4d)

=4dm2(m-1)x4<l(m 1)=16d2m2(m 1)2 (2.)

From (1) and (2), we deduce that : (2b -3c)2 = (a 2b) (3c 4d)

. . (2b - 3c) is the middle proporlioral between (a - 2b) and (3c - 4d)

Anothsr solution :

'. a , 2b , 3c and 4d are in continued proportion.

... a _2b_3c
2b 3c 4d

Subtracting the terms ofthe 2nd latio from the tems of the 1st ratio

a)h.. ; 
-; one ol lhe given r ios. fl\

Subtracting the terms of the 3d ratio from the terms of the 2nd ratio

.. ]b ]: -on.or,negirenratio.. (2)lic 4d

c 2b 2b-Jc
2b-lc lc-4d

. . (2b 3c) is the middle propoltional between (a - 2b) and (3c - 4d)

solution
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It is said that y va.ries directly as .i( and it is writte[ y

lrl
li.e. *=m.\heremisaconslanl r0 

]

r the relation : y = m X is represented graphically by

origin point (0 r 0)

a straight line passirlg through the

o(Xif y=mX

The perimeter ofthe square (P) is varying direcdy with

asPcrl

B..aus.'P=41 o. i=4
and the following table shows some values of

I and the values ofP coresponding to them.

W
[ ,n" o*,.",*,", I a ]lr l "
and the opposite figule represents graphically

the relation between P and 1

64

its side length (0 and it is written

Lesson

Direct

variation

and inverse

variation

First I The direct variation



Lesson Four @0

Exomplq I
Solution

Show which of the following graphs represents a direct yariation

betweenXandy:

The graphs which represent a dircct variation betweeD i( and y are i

c r e and g because in each of them , the stmight line passes through

the origin point.

lf * + 4 b2 = 4 ab, proYe that i a c. b

To prove that a c( b we prove that a = m b where m is a conshnt f 0

'.'a2+4b2-4ab

.. (^ 2b)2 =O
.l-^ ,a

.'. I -4ab +4b2 =o

.. a-2b=0

.. accb

"+f+ = j for every values of xGtr.r.+,yelR+ ,wovethat:xuy

@
Ify oc -i( , the variable X took the two values X I and X2 and y took the two values yt and y2

av, -L l
resDecLivelv 'then --LY, x,

Solution

\(/\o /d\L; rL-il.r.rL,r JElr@Jl 65 I
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The reason:'. y ocX then y =mXwhercmis a constant l0
atr= X1 , y =yt then yl = m j(l (l)

,atX=X2 , y =yz thenyz=n\ (2)

Y, m X.. Yt X,
Dividing ( l, by (2r: .. 

v, = , x j ,. y,= X',

ExomPlq Q If yc.xandy=20whenr(=7

. then lind tle value oly uhen X = l4

':ydx

whereyr=X ; a,=1

.m='7"v2 14

Another solution :

'. ydx
': y =20 as X=7

)o
... m= i
,whenX=14

.. yc.x3

'. Y=18asX=2

.. y = mX (m is a constant + 0)

..20=mx7

20*

.,=4^ra .' Y=40

Exqmp If x and y arc two variables where y varies directly as the multiplicative

inverse of 4' y = l8 when x = 2

, find the relation between X and y , then find the values ofy when

xc{o ,1 ,4}
'. y o( the multiplicative inverse of 4

. . y = ] x3 rn, i, the relation betweer x and y

;. y = m X3 where m is a constant= 0

..18=mx(2)l 18 9

'''r=-r2><0=o

..r=9. r =1=zI

...y=t"u=ttt

asX=0

asX=1

Solution

Solution
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Lesson Four @U

If (V) denotes the volume of a right circular cone j, its height is constant and

if (V) valies dirccdy as the square of radius length of the base of the cone (r)

and the volume ofthe cone lvas 477 cm] , when the radius length ofits

base = 15 cm.

Fiud the volume of the cone when the base ladius length = 10 cm.

where V,

- 4',/7 _

clI:

_9
4

= 4'7'7

(if )'

. V, t,2

'' V2 rrz

,lt =15cm , V)=,

4'7'7 x 4

V. r ,2

'r=(q)
, 12= 10cm

= 212 cml

2 r, *o, un], =2whet x= 40, find the value ofx when y = 3

Definition

solution

It is said that y varies inversely as X and it is *ritten y o 1 if

i.e. X y = 6, where m is a constant+ 0

For example:

The unifom velocity (v) varies inversely as time (t) when the covered distance (d) is constant

Because:v=$ or vt=d

, in this case we say that the velocity valies dircctly as the multiplicative invene of time and

it is written as : v cc I
ExqmPle q lf a2 ba lo ab2 =-25,provethat: a varies inversely as b2

To prove that a varies irvenely as b2 we prove that : ab2 = m wherc m + 0

'..*ba 10ab2=- 25

.. (ab2 s12 = g

.. ab2=5

.'. *ba loabz+25=o

. . a varies inversely as b2

solution

Second I The inverse variation
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f ',"j.-='4 ab,, prove that : a,x +

'. l*f
.. 1 w = m, where m is a constant+ 0

'. 1=12cm.asw=8cm. ..m=12x8=96

Whenw=3cm. .'.zl=ge

Ifyo<|rthevariablextookthetwovaluesXtandi(2andasarcsultforthatytookthe'x
rwo values yr and y2 respecrilely . *" , I i ; I It'

The reason 
' . y o, { , tn"n y = } where m is a corctant r 0

atX=Xr,y=yr,theny, =a (l)

,atX=.X. rv=V, rrheny,= -T r.'t-. x"

)r m m *rr' xz x)
'' )z Xt X2 Xt m Xr

Exomple ( If th" l.ngth of a rectangle ($ varies invemely as its width (w) , when the

area is constant and I = 12 cm. as w = 8 cm. ,find:1when w = 3 cm.

t1'. lc( w

tw.
.. ' =r': .wnerel = 12cm..nt=8cm..1,=? 'w,=3cm.

12 1 r 8,12 ^^..._=: .., fr=-=Jzcm.
(ro

Another solution :

lw=96

l=?=22".

Solution
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I

Exomple p

Solution

Lesson Four @0

If y varies inversely as X and y = 6 as l( - 2.5 r find the relation between

)C and y , then find the value of y if x = 5

1

'x
'. Y=6asX=2.5

rt
,. The relation be[t een X and ) is Xy= 15 I

,atX=5 '''5Y=15

If y = I + b where b varies invenely as X2 and y = 17 as x = 1
, find the relation betweeD X and y r then find the value of y when x = 2

... b=* r wher.e m is a constanr I 0 ... y= 1*#

.. )(y =m r where rn is a constant + 0

..m=6x2.5=15

'. uo4

,. v=17asX=1'2
.17=1+(h

4

Subtractillg 1 from both sides : .. 16 =

..m=16x1=4

atx=21...y=t+4=t

m
T

4

.4 ^'4'

If y varies i[versely as I alld y = 2 as x = 6, calculate the value ol y as I = I



Unit Objectives, By the end ofthis unit, studentshould be able to
.recognize the different resources ofcolecting data

' recognize the methods of collecting data, and the advantages and the disadvantages of each nrethod.

' recognize th e concept of the sample.

. recognize the methods ofse ection of samples

. recognize thetypes ofthe samples.

' choose the bestmethod to selectasample forstudying acertain phenomenon.

. use the calculator and the com puter for gen eratin g random numbers used in the samples.

. recognizethedispersion measurements.

. recognize the advantages and the disadvantages ofthe range as one ofthe dlspersion measurements.

' calculate the ranse of a set of individuals

' calculate the standard deviation of a set of individuals.

' calcuiate the standard deviation ofa simple frequency distribution.

' calculate the standard deviation ofafrequency distribution ofsets.

' use the ca culatorto calculate the standard deviation.

:

z
f

Lesson One Collecting data.

LessonTwo Dispersion.
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. The statistical investigator collects , classifies , represents and analyses data in pulpose of
deducirg some results on which he depends in making the suitable decisions.

. The more data is accurate , the more the decisiolls will be hue and reliable.

. Collecting data in such scientific methods will lead to get accurate outcomes when doing

opemtions of statistical inference ard proper decision making.

. Collecting statistical data demands knowing the rcsources ofcollecting it and determinilg

ihe methods of collecting it.

tl P"imary resou""o (fielil resources) :

These are the resouces from which we gel data dircctly.

@ Secondary resources (historical resources) :

These are the rcsources ftom which we get data that previously collected and registered

by some authorities , fonnal organisations or persons.

There are some examples for each rcsorrce with representing the advantages a1ld the

disadvantages of each one :

tl Primary resources @ Secondary resources

Examples :

. Personal inlerview.

. Questionnaires (survey).

. ObseNing aDd measuring.

. Cental agency for public

mobilization and statistics-

. Mass-media and intemet.

. Documents of data of employees

i11 a company.

AdYantages i Acculacy. Saves time , effort and money.

Disadvantages :

It needs more time, effort and

money besides it requ es more

investigators in lalge societies.

It is less accuiate.

Tl

Collecting

Resources of collecting data is classified into
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. The method of collecting data depe ds on the aim of collecting these data and it also

depends on the size of the statistical society under study.

. The statistical society is defined as all individuals which have general conmon charactef.

For example:
. The worke$ in a factory represent a statistical society ,

whose individual is the wolker.
. The pupils of a school represent a statistical society ,

whose individual is the pupil.

We will show two methods of collecting data :

tl Method of-uss population :

It is based or collecting tl'ie data related to the phenomenon under study tom all
individuals of the statistical society.

It is based on collectirlg data related to the phenomenon under study i.om a representative

sample of the society , and applying the resealch on it , then generalizing the results on
the whole society.

Ther'e are some examples for each method with representing thc advantages and the

disadvantages of each one :

@ Method of samples :

tl Method ol mass population @ Method of samples

Examples :

. Elections.

. Census.

. Setting up a data base of al1

employees in an oEaDization.

..4 sample ofa patient s blood to make

some clinical check up.

. A sample of some products of a lactory

to find oul ifit matches the standard

specificalions.

Advantages :

.Inclusiveness.

. Neutrality.

. Reprcsenting all the society

individuals.

. Saving time, eflort and money.

. It is the only mefiod for collecting data

about lnrge unlimited sociedes srch zrs

the search on conteDts of the desert sand.

.It is the only method for coliecting data

about some limited societies in which

mass population method leads to a grea!

loss in it such as checking a sample ola
patient s blood because ofchecking the

whole blood ol the paiient leads to death.

Disadvantages :

. Sometimes it needs long time,

great effori and a great cosl,

. The rcsults sometimes are not accurate

specially ifthe sample doesn t Ieprcsent

the statislical society authentically, in this

case the sample is called a biased sample.

72

Methods of collecting data
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In the followiry , we will explain the concept of the sample and its types and how we select it :

fhe concept of the sample 

-

It is a small part from a large society that looks like the society and represents it well.

I How can we select the sample ?

The lriased selection

not a random sample or

deliberate sample

The randomly selection

random sample

Simple random sample

(in casc of the homogeneous societies)

Layer random sample

(in case (]1 the heterogcneous societies)

At the following , we explain each type in details I

. It mears that we select the sample in a way to satisfy the objectives of the research.

This is called the deliberate sample.

For example:

If we want to know how the students understood

a lesson in algebra , we must analyze the

outcomes ofthe test by considering the outcomes

of a group of students studying the same topic

without the odrer students , this is not a random

selection.

. The biased selection is oot ieprcsenting the statistical society.

\ . i/ \o /Lr(C, - oGJ -q!1.,) JoL@Jl 7i

First I The biased selection (samples are not randomly selected)
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It means to select a sample such that every member of the population has an equal chance of

having selected.

The lollowing ale the most impo ant types of the random samples which are :

tl Simple random sample @ Layer random sample.

i ' lt is used for the homogeneous societies which are not natlually divided into goups or classes.

. lt is selected by two wxys according lo the number of individuals of statistical society as

the following.

@ The first method : If tle size of the society is small :

. This method will be carried out as follows :

tt Each individual of the society takes a number , this number

is written on a card such that all cards are ideDtical.

i.e. There is no difference in colour or size.

@Each card is folded well such that the number does not appear

f,! We select the sample by drawing one cald from the box blindly , then we tumed well the

calds and select the next c,trd , and so on till we reach the required number of the sample.

This method is suitable if r for example , we select a sample of 10 worken from

a factory that has 50 wolters.

@ The second method : If the size of the society is large :

In this method , every individual ofthe society has a number 
' 
then

we select the sample usi[g the prcperiy of the mndom number in the

5cienr itic calculxtor s' in the oppo.ite picrure.

. we press the following keys respectively from the left :

R.n*

, ften they are plt in a box a]1d lnixed well.

D*C -E-E
then a decimal will appear on the display in dre field from 0.000 to 0.999

.If we get a l-decimal digit , add two zeroes to make it a part of 1000

For example: (0.2 ..: 0.200)

. lf we get a 2-decimal digit , add one zero to make it a part of 1000

' 
lq

Second ] Random selection (random samples)

1 | Simple random sample

I 
*":,,., 

::"'*',ru
,1 ;. -. 1*

l---'r:-
1," "ee
t.56=
1""".=
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For exarple: (0.64 ,0.040t rnd,o on.

. Take ihe number neglecting the decimal point , then the individual who has this number is

selected as a member olthe sarnple , then repeat pressing on !] to g"t more numbers.

. We will iglole the numbers which are greater than the number of society under study.

. And we ignore lhe repeated nunrbers which we selected before.

. The percentage 1070 of the number ofthe society is suitable for holcling the survey.

This method is more suitable for selecting a sample of25 students ftom a school that has

900 students.

.It is used in the staiisiical societies which are heterogeneous or made up ofqualitative sets

that are diflerEnt in characteristics.
. In this case , we cannot select tlte sample by the simple random sample method because

the sample will Dot represent the society well because it will rot represent all the classes

of the society.

Therefore we have to follow the following steps :

tl We divide the society into homogeneous sets according to the charactedstics forming it ,
each set is called a layer.

@We find the number of individuals of each layer , then we find its ratio rcfering ro rhe

total number of the society.

f,t To form a sample , we select fiom each layer a certain number of individuals such that

the ratio that represents each layer in the sample is the same ratio of the layer in the

whole society , and this by using the following 1aw :

The number of individuals of the layer in the sample

=,rh..tl.rTb*:liigil,.o"*irlh"t"1::.^rhenumberorindividualsofrhesampte
the total number ofindividuals in the societv

<<approximating the resuit to the nearost unit>

For example:

When we want to study the educational level ofthe students of a school of 500 students

(boys and girls) and if the ratio between the number of boys to the number of girls is 1 : 4

and we want to select a sample formed from 50 students , we should select l0 students from

boys and 40 students from girls , for the sample representing all the society well.

2 j Layer random sample
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Exqmple I A factory has 300 workers. The people in charge of tho monthly magazine

of this lactory want to develop this magazine by doing a survey of

a sample Iepresenting 10% of the total numbel of the workers in this factory.

Shorv holv the selection of tl'iis sample can be carried out using the

calculator.

The number of workers ii the factory = 300 wortels.

. . The number of the random sample = ,*10 
x 300 = 30 workers.

Then we want to select 30 workers to hold this survey.

The selection operation can be carried out as follows :

I Each worker in the factory is given a number from 1 to 300

2 Use fte calculator to select 30 numbers randomly r such that these

numbem are included between 0 and 301 and the number that is above

300 should be ignored.

Solution

I

For examole:
Ran'

By pressing the keys ! 
- 

C . 
- 

(! 
- 

(p'u""""ivelv from left

to right.

. If we get the decirnal 0.049 , then the number of the selected person is 49

. lf we get th,3 decimal 0.132 : then the number of the selected peNon is 132

. If we get tl'ie decimal 0.12 , then the number of the selected person is 120

. If we get the decimal 0.453 , it musL be ignored because

453 is above 300 and so on till we get 30 numbers.

. Assuming that the calculator gave us the sllolvlr

numbeN in the opposite table , then the worken who

calry these numbers are the selected sample to carry

out this suNey.

49

254

131

t32 t20

256 1

2 t56

t1l 249 212

213 '74 t9t
1',7 t12

829
l3

t3 385 38

41 14 34 279 118 103

76



A factory produced 200 TV sets

from the type A , 300 TV sets from

the type B a1ld 500 TV sets from the

type C , if we want to select a layer

sample fbmed from 50 TV sets

such that it rcpresents all the types

to examine them.

Calculate the number ofTV sets which

should be selected from each kind.

. The total number ofTV sets = 200 + 300 + 500 =

. The numbel ofTV sets olthe type A in the sample =

. The number ofTV sets ofthe type B in the sample =

in

&

Lesson one @f,

Effi
(D

1000 TV sets.

t0002qq 
x 50 = 10 TV sets.

ffi x 50 = 15 TV sets.

" The number olTV sets of the type C ii the sample =, n*@ 
x 50 = 25 TV sets.

A school has 300 male students ancl 500 female students warted to do a survey

on a sample of 24 male and fomale students Iepresenting each layer according

to its size. Calculate l]1e number of students of each layer in the sample.

For the 
^ext 

terw\

Maths Science

& English

solution

Ask for

For all educationa I stages



. You studied before sorne of statistical measures which were known as

"measures ol central tcndency" as the mean , the median and the mode.

. And we know that each of them desc be the frequency distributions and the statisdcal

data by identifying one numerical value , whero the left values centralize about it.

. But in some cases the measures of cenhal tendency are not enough to descrjbe clearly

the daia.

To explain that , let's study the following case :

fno.eL, ol5 sLrrdenLs e.rLh ! ar exzun o[

maximum mark 50 malks is given for each sets r

the narks of the students were as follows :

'The 
set A :29 ,26 

'35 
,35 ,35

lThe ser B tB ,35 ,49 ,35 ,33

At calculating the mean ,

the median and the mode ofthe marks of the

students in each set alone , we find the shown

results in the following table :

,"rron2

Dispersion

7t



Lesson Two @0

_@ Jerymrylth!!
the sum ofvalues

mean median mode

SetA 32 35 35

Set B i2. 35 35

. The mean =
the numher ofthis vrlues

. The median of a set ofvalues is the value which lies

at the middle of the set of values after ordering them.

. The mode of a set of values is the most coD'lmon

value in tl'le set.

.In lhe previous case , the two sets are different 
' 

and in spite olthat , we found that they

have the same mean , median and mode , which don't mean that these sets are nocessarily

homogeneous.

. Thereible , the measurcs ofcentml tendency only are unable to describe ail the

characte stics a set of tiequency distributions and statistical data.

So we need besides the measures of cenffal tendency that depends on determrning one

value that the other data centraljze around it, another kind of measures which depends on

determining a degrce of convergence or divergence of data.

For example:

In the plevious example , the marks ofthe set A are convergent because their values are

included between 26 and 35 marks while the marks of the set B a1e divergent because

their values are included between 8 and 49 marks.

i.e. The marks ofthe set B are more divergent than the marks ofthe set A

. These new measures a1e called the measures of dispersion. We will study each of the range

aDd the standard deviatiorl.

-Dispersion of s set of volues

It means the divergence or the differcnces among its values.

. The dispersion is small if the difference among the values is little while the dispersion is

great if the difference among the values is great , the dispersion is zero if all the values

are equal.

i,e- The dispersion of a set ofvalues is a measure of the degree to which these values

spread out and that expresses how much the sets arc homogeneous.
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The range (the simplest measure of dispersion) ;

It is fie difference between the greatest value and the smallest value 111 the set.

The nnge = the greatest value - the smallest value

For example:

. If the values of set A are 60

..Therange=62-58=4

. If the values of set B are 72

.. The range = 78 - 39 = 39

So the set B is more divergent than the setA

I The advantages of range:

. It is an easy and simple method that gives a quick idea about the divergence or

convergence of the values.

. It is considered as the simplest and the easiest method to measure dispersion.

! The disadvantages of range :

. It does rot rellecl the iifluence of all values because its measure depends on the greatest

and smallest values only , therefore it does not give a full idea of the dispersion of the set

of values.

. It is influenced greatly by the outlier.

For example:

- The ralge of the set of values : 21, 22, 61' 21 and 26 ts (61 - 21 = 40)

- While if we ignore the value 61 from the set , then the range becomes (26 21 = 5)

t.e. The range equals f the previous range , therefore the range is an approximr1ed

measure and we cannot depend on it.

, 58 ,62 ,61 and 59

: 78 ,46 , 65 and 39

80

Dispersion measurements
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Standard deviation :

It is the most important , common and accurate measure of dispersion. We can

calculate it by calculating the positive square rcot of the avemge of squarcs of

deviations of the values ftom their mean.It is denoted by o and it is rcad as (sigma).

The standard deviation o =

X denotes a value of the values ,

i denotes the mean of the values and it is read as i( bar r

n denotes tie number ofvalues '
:, denotes the su1nmation operation.

Exomple I
I

Solution

Calculate the standard deviation of the values : ,6and58,9,',7

8+9+7I we trnd lhe metur otrle values (x)- ii
+6+5 .

2 We form the opposite table :

3 We calculate the sta[dard deviation as follows :

The standard deviation (o) =

If 25 , U ,25 : 30 r 28 and 30 represent drc marks of one of the pupils in

examination of algebra in different months , ,fnd .'

[, The standard deviation.

,rt(r ,I fii ^r: ,.,! " 
=,,/ s =u'=''",

z w-r)2

x x-x (x-X)2
8

9

7

6

5

8-7=1
9 '7 =2
7 '/ =0

6-1 = I

5 '7= 2

1

4

0

1

4

Total 10

@ Th. -"or.

\ \ r/\o /tr(a; ol,l rL:L,) FU@JI

First I Calculating the standard deviation ofa set ofvalues:
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\q-r)2kFor any frequency distribution : The standard deviation o =

X rcpresents the value or the cenfue of the set ,

k represents the ftequence of the value or the set ,

) . i. the rum of lrequence\ dnd , ,,n" ."un'= t ti 
* 

u'

*l
Find the standard deviation ofthe ages.

. We find the mean of the ages (t) by using the following rable :

The age (r0 Number of persons (k) Xxk
15

20

22

23

25

30

30

60

1i0

115

25

120

Total 20 460

The mean (x) =
>(j(xk)

= 23 years._ 460
-20IK

The following table shows the distribution of ages of 20 persons in years :

The age 15 20 22 23 25 i0 Total

Number

of persons
2 3 5 5 1 4 20

solution

@ Calculating the standard deviation ofa frequency distribution :

E Cal(ulating the standard deviation ofa simple frequency distribution :
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We form the lbllorving table :

x k x-, (.x -i)2 (x-*)x xk

15

20

22

23

25

30

2

3

5

5

1

4

15 23=-8

20 -23 = 3

22-23 = 1

23 -23 =0

30 23 =7

64

9

1

0

4

49

128

2',7

5

0

4

196

Total 20 360

We calcLllate the standard deviation as follorvs:

Standard cleviarion (o) - 1ffi =r@ =6= ,t..r+ r".r.

The following frequency distribution shows the number of doys of
dbsentees in a elass :

Number of absence days 0 I 2 3 4 Total

Number of pupils 5
,7 ,7

5 6 30

Calculate the mean and the standard deviation for the number of days of absence.

Exqmp The following is the frequency distribution of weekly incentiYes of

100 workers itl a factory :

IncentiYes in pounds 35 45- 55 65- '/5 - 85

Number of \Yorkers l0 14 20 28 20 8

Find the standard deviation of this distdbution.

B I Calculating the standard deviation ofa frequency distribution ofsets:
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: (X k) hs80.. lhe mean,*,= ,O 
.=-tfr"=65.8porra.

I We find the mean ()()

by using the foliowing

table :

:@- Remember that

The centre of the set =
iower limit + upper limit

We form the lbllowins table :

.l We calculate the standard deviation as follows :

solution

Sets Centres of sets (r0 Frequence (k) Xxk
35-

45

55-

65

'75

85

40

50

60

10

80

90

10

14

20

28

20

8

400

700

1200

i960

1600

'720

Total 100 6s80

x k x-i ( x-i)z (x-1)2 xk

10

50

60

'74

80

90

10

14

20

28

20

8

40-65.8=-25.8

50-65.8= 15.8

60-65.8= 58

70 65.8 = 4.2

80-65.8=14.2

90 - 6s.8 =24.2

665.64

249.64

33.64

17.64

20t.64

s8s.64

6656.4

3494.96

672.8

493.92

4032.8

4685.12

Total 100 20036

I(j(-j()2xk 20036

100
Standard deviation (o) = = 14.15 pounds.
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Remarhs

. The standard deviation is influenced by all values not by the two teminal values only

(the smallest and the greatest value) as the range r therefore it represents the dispersion

better than tle range.

. The standard deviation has the same measuring units of the original data.

. The values which are more homogeneous have less dispersion and their sta[dard

deviation is small.

. Ifthe standard deviation equals zerc that means the all values are equal , it is the pedect

homogeneous case (the vanished dispemion)

For the following flequency disttibution , calculste :

@ Th" -"un. [, The stardard deviation.

Sets 1 3 5- '7- 9-11

Frequency 7 3 5 3 2

. We can use the calcuiator CASIO (f .l( 82ES,JX-85ES r/X-500ES>

/ X 95 ES Plus , / X- 991 ES PIus) to calculate the standard deviation.

. The following steps show how to solve the previous example (example 3) using the

calculztor:

. We will use the calculato. (f j( - 95 ES Plus)

Step (1)

Beforc inserting the data of the prcvious example , we

should set $e calculator system by pressing the following

keys from left :

(lo @ tsral (p roNr

O {@ oral @ 1t-v.rny

Then thc screen wili appear as in the opposite figure.

the calculator to (alculate the standard deviation :

-. 

--
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Step (2)

. We inset the values (.! in the case of simple lrequency

distribution or the centres of sets ()O in the case of

ftequency distdbution of sets in the first column (,
. With respect to the previous elGmple :

We insert the centres of sets :

40 
' 

50 , 60 , 70 , 80 and 90 by pressing the following

keys from left as follows :

'@@EE@EE@E
E@EE@EE@E

Then the screen will appear as in the opposite figure.

Step (3)

us" tlr. rcf 
@ 

to move to the second column (FREQ), then insefi ftequencies

10 , 1,1 ,20 ,28 ,20 and 8 by prcssing thc following keys from left as follows :

O@EO@EE@EE@TE@T@EO
Thus we inselt the data of the previous example on the calculator.

Step (4)

For finding the value ofthe standard deviation , we press

lhe following keys from left I

COENAR)E(orE

Then the screen will appear as in the opposite figure.

. . Stardad deviation o'= 14.15

5
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UnitObj€ctives, By the end ofthis unit student shoutclbe abte to
. recog nize the main trigonometrica ratios of th e acute ang te

. recognize the main trigonometrical ratios ofthe angtes of measures 30.,60"and 4s.

' find the main trigonometrical ratios ofagiven angle.

' find the measure ofan angle if one of its trigonometrical ratios is given.

. use the calcLlator to find the main trigonometrical ratios.

Use
,ou. shart ehone o. i
tablet tas.anthe I

QR code aid erioy I

wdtchina videor a--
FNF, lffi.l
ts1ffi /;/(_l

Enrichinginformation I

. Trigonometry s one of mathernatics branches and it is one ofthe generalqeometry branches, it
concerneds studyinq the re ations between the sides and angles ofthe triangle and the k gonometric
ratios as ihe sine and coslne ofthe angle.

' Ancie nt Egyptians were the first to use the tr gonometric theorems and rutes n buitdtng pyramids and temptes.

' Trigonometry has many appllcat ons in surveyinq roads afd manufactoring motors, TV sets, footbafl
p aygrounds, calcu ating geographic distances and astronorny d scovering

F

z
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Lesson One The main trigonometrical

ratios of the acute angle.

Lesson Two The main trigonometrical

ratios of some angles,



Prelude
. You studied before the units of the

The degree which is denoted by 1"

the second which is denoted bl,, 1

For example:

1'he angle rvhose rneasure is 22 de$ecs ,36 minutes and,18 seconds is wtitien as 22. gd 48'

*r"1 1 Wlite in degrees :ZZ" Zi qi

2 Write in degrees , minutes and seconds : 45.18'

1 Convert the minutes into degrees r as the following :

tA=i6=or,'
f,o

Convert the seconds into dcgrees , as

the following :

\ l(,18= r =U0tt'

i.e, zZ':O'+S* =22 +0.6 +0.01f = 22.613"

degree measure of the angle which are :

r the minute which is denoted by i and

:Gi=:!9rym!gth!!
0.00i is read as the

recurring decimal 0.003

The relotion between the degrees, the minutes ond the seconds
.1"=60

t.e. 1'= 60 ' 60 = 3600

Solution

\t t/\o /LYl(/ oL.l o!:LJ) JElr@Jl

Lesson

The main

trigonometrical

ratios of
the acute angle
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I

Another solution by using the scientific calculator:

Press the keys in soquence from left as follows :

@E@E@@@@@E@
Then the rcsult will be 22.61333333

2 Convert 0.18' into minutes as the following :0.18 x 60 = 10.8'

Convert 0.8' into seconds as the following : 0.8 x 60 = 43\

i.e. as.ts" = +s" to'+8*

Another solution by using the scientific calculator:

Press the keys in sequelce from left as follows :

@EEOEE@
Then the result willbe 45" 10 48

Ilthe mtio between the measures ot' two complementary angles is 7 : 9 ,

lind rne degree measure oleach ol Lhem.

Let the measures of the two angles be I

'7 X and.9 X

..'7 X+9 X=90"

..16x=90"

... x=99-,'=sr,:s.
to

. . The measure of the first angle

= 5.625" x'7 = 39.3'75'

= 39" 22 30

, the measure ofthe second angle = 5.625o x 9 = 50.625' = 50" 37 30

If the ratio between the measures of two supplementary angles is 5 : 11 ,

find the degree measure of each of them.

fij' Remember that
. The sum ofmeasures of two

complementa.ly angles = 90'

. The sum of measures of two

supplementary angles = 180'

. The sum ofmeasues of the interior

angles of any t angle = 180"

solution



Lesson One

fhe trigonometticql rotio of the ocute angle

It is the mtio between two side lengths of the dght-angled tdangle that contains this angle.

There are three main trigonometrical ratios of the acute angle and they are :

tl The sine of the angle :

abbreviated (sin) and equals
the length ofthe opposite side to the angle

the length ofthe hypotenuse

A The cosine of the angle I

abbreviated (cos) and equals
the length ofthe adjacent side to the angle

the length ofthe hypotenuse

Et The tangent of the angle :

abbreviated (tan) and equals
the length ofthe opposite side to the angle

. the length ofthe adjacent side to the angle

If A ABC is a right-angled triangle at B , then :

tt,,""=ffik=# Hypotenuse AC

Adjacent 
- 

BC

Hypotenuse - AC

"{\
C

According to angle C

/\
C

g"o.a=ffiffi=

E,-c=ffi=ffi

The main trigonometrical ratios ofthe acute
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For example:

In the opposite ligure :

If AABC is a righFangled triangle at B ,

AB = 3 cm.,BC =4 cm. andAC =5 cm.,then :

tl sina = {
@cos,L= f
$t"rl = {

Exomp

Solution ...

ttsinc=f
Ecosc=$

St"rc= f,
In the opposite figure :

AABC is dght-angled atA where

AB = 9 cm. and AC = 12 cm.

1 Find each of: sin B , cos B , tan B

,sinC,cosCandtanC

2 Prove that : sin B cos C + cos B sinC= 1

In AABC: m (1A) = 90'

(BC)2 = (AB)2 + (AC)2 (Pyrhagoras theorem)

.. (BC)2=81 +144=225 .. BC= 15cm.

-Gj- Remember Pythogor as' theor em t

IfABC is a right-angled tliangle at B

r then :

. (AC)'z = (AB)2 + (BC)2

. (AB)'?= (AC)'? (BC)'?

. GC)2 = (AC)2 - (AB)2 
c

: .in B .rs C tcosB.inC=4 ^1, f ^2=-iE-l=?l= r

JiiStt2\ti

XYZ is a right angled triangle at Y r XY = 4 cm. and XZ = 5 cm.

f! Find lhe value of .' 2 sin x cos x

1.,"8=#=.i?=+

-ABg]cos,,=ac= 
15 =5

- AC r,) atans=AR=-1 =j

,^ AB q 1sr.L=RC= 
15 =;

-AC11 t.*._BC_15_5

^ABqltxnL=-= 
12 =?

lA Prove that : sinx cos Z + cos x sin Z = 1



Les s on One

I Remarks

In the previous example, note that :

lDsinB=cosC= 
+

and by noticing : m (Z B) + m (Z C) = 90o

sinC=cosB=*

'Complernentary angles'

We can deduce that :

The sine of any acute angle equals the cosine of its complementary angle

i.e. l{mrZAr+m(/tt)=q0.

r then

and vice versa

i.e.If L A and L B are acute angles and sin A = cos B

ihenm(zA)+m(2ts)=90.

o#B=+=

sin C

'.".C-

, tanB=

5
3

5 , tanC= sin C

cos L

Generallg : tne tangent of the angle =
The sine of the angie

The cosine of the angle

4

3

4

4
3

3

44
5

trnn=#*

Choose the correct answer from the giyen ones :

1 If sin 30' = cos 0 where 0 is the measure of an acute angle

r then € = ......... .....

(a) 15' (b) 30. (c) 60' (d) 90.

2 If X and y a1e the measures of trvo complementary angles and

6tl5 ,( = f e then sin y

4
3

{a) + rnr 4)5 c)+ (d)
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In AABC, if m (Z A) = 60' and sin B = cos B

, then m (1 C)= """ "

(a) 30' (b) 7s' (c) 90' (d) r05'

4 If AABC is right-angied at B 
'thensinA+2cosC= 

"" "

(a) 2 sin C (b) 3 sin A (c) 2 sin A (d) 3 cos A

1 (c)Thereason: . sin30o=cose .'.30'+0=90'

..0=60"

2 (b) The reason : . x and y arc the measures of two complementary

angles

..'lnY co'X ''")=1
(b)Thereason: . sinB=cosB .m(1 B)-45'

. m (1 C) = 180' (45'+ 60') = 75'

(b) The reason : . m(zB)=90' m(zA)+ln(zc)-90"

.. sinA=cosC

.. sinA+ 2 cos C = sinA+ 2 siDA= 3 sin A

Choose the coftect answer ftom the given ones :

[! It - (z e) = ls', sin B = cos A where B is an acute angle

,thenm(ZB)=

(a) 15' (b) 4s"

[2]tn a,tec , if m(/B)=90",thencosA+sinc=

(a) 2 cos C (b) 2 cos A (c) 2 sin A

ABC is a triangle in which : AB = AC = 10 cm. , BC - 12 cm' I

16 is ctalvl perpencljculal to BC to cut it at D

I Find the vahe of : sin B + cos C

2 Find the value o{ I tan (Z CAD)

3 Showthat: sin C + cos C > I and find the value of: sin2 C + cos2 C

and deduce that : sin2 C + cos2 C < sin C + cos C

(c) 75' (d) 105"

(d) tan A

ExompQ

solution



Solution

Lesson One

'.' AD -L rC- ana AB = AC

. . D is the midpoint of BC

.'.BD=DC=6cm.

InAADB:

'. m (z ADB) = 90'

.. (AD)'? = (AB)'z - GD)2 (pythagoras, theorem)

.. (AD)2 = 100 36 = 64 ..AD=8cm.

1 ..

,^\..y v
/)\

CDB

. - AD I 4 ^ CD_ o J, . stnb=AB- t6=S . coi( =AC= td=i
,. sinB+cosC= + *1=f555

, pn1164p1=!!=-! = 1ADE4

sinc=o"4=-!=f ,-rc=f
sirC+cosC= +*1=1))) .'.sirlC+cosC>1

*+=l

*r-:

l

SolutionI

, 
'in- 

C + cos2 c - I 1 r2 ., t ] t: ]9.5, '5, 25

.. sin2 C + cos2 C <sin C+ cos C

In the opposite figure :

ABCD is a quadrilateral in which :

m(ZA)=m(ZBDC)=90'

,AD / sC ,AD = 6 cm. al1d AB = 8 cm.

Find the length of DC

In AABD :

'. m(ZA)=90"

.. (DB)2 = (AB)2 + (AD)2 = 64 + 36 = 100

.. DB = 10 cm.

D 6cm A

,A=-f
,/\E

,,. \ ]:

CB
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,. AD // BC and BD is a transversal

.. m (l ADB) = m (/ DBC) "Alternate angles"

.'. tan (l ADB) = tan (/ DBC)

. AB,DC s_DC
"AD-BD 6-10

... oc = 1Qi! = 131 
",t',.6J

Notice thot i Also ' you can solve this example W using the similatity.

Ifi the opposite figure :

ABC is a triangle in which :

m(zB)=90",DCBC,ECAC

where DE I AC : DE = 3 cm. and EC = 4 cm.

Prove that : sin A cos C + sin C cos (Z EDC) = l

(The req.)



In the opposite figure :

ABC is a rightangled triangle ar B in

which : m (Z A) = 60' and m (1 C) = 30"

and it is called "thifly and sixty triaigle".

And in it , lhe lcngth of the sidc opposite to thc angle of measure

30o equals half the lcngth of the hypotenuse.

i.e. ae= jac
Assume that: The length of AB = I length unit , then the lengrh of AC-= 2llength unit.

By appl) ing Pyrhaguras theorern ro iinrl rhe lengrh ol BC . ue find thal :

BC= 1/(ACr .1as,'= {+1' /'=,,/ jl =l[lrenerhunir.

i.". o;o...u.=l..rl.{, I --r.r$ 'D
And from A ABC , we can find the main trigorometrical ratios

of the angles measuring 30" and 60" as follows :

.44

30. .i,, 30" = *3 = + "."30"=!g=6AC2
_1
- 

",t,
,",' lO" = 

4E
BC

={,
2

OO) 
"i,, 

oo" =
BC

AC
co"60.=#=+ ran60'=ff=1iJ

\rt/\a lLrlcrt oLtJ oqlr.) rEtt€rl

/
Lesson

The main

trigonometrical

ratios of

some angles

The main trigonometrical ratios ofthe angles measuring 30. and 60.
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In the opposite figure :

ABC is al1 isosceles triangle where AC = BC - I length unit

and m (1 C) = 90" .. m(ZA)=m(zB)=4s'

By applying Pythagoras' theorem to find the length ofAB

, we find rhat : AB = {(ecf *(BCf

=,W;P = ^[t = trl rength unit.

From A ABC , we can find the main tdgonometuicai

ratios ofthe angle measuring 45' as follows :

'! And the following table summarizes the main trigonometrical ratios ofthe angles

whose measures are 30" r 60" anil 45' :

Exomplq I
l

solution

Exomple 
!

Solution

Final the yalue of: sin 30' cos 60o + cos2 30' + 5 tan 45" - 10 cos2 45'

theerp,ession= j. j-tf t'-t,l I0 (#)':

=1.]*s-!=1+5-5=l
Prove that i si/ 60" + sinj 45' + sin2 30' = cos2 30" + { tan2 60' 

"os2 
60"

,.t;,, , ,, 
"L us =(1rr )"(V, )'-tir'= ?-+. j - +

*.,.'.=(f)'.+(1,af-(+f= 1., I= tr
.. The two sides are equal.

tan 45' = 1

tlz
z a" sin 45' =

1

\z

300 600 450

sln 1

2
r/:
2

I
1t,

cos \6
2

I
2

L

^A

tan
j

tq ,/a I

The main trigonometrical ratios ofthe angle measuring 45"

i.e.AC : BC r AB = I, I ttp, I = 1 t 1 ,ip



Wl @ Fina the vatue of..(r) cos 60. + sin 30. - tan 4s.

I @ nove that :2 \in 30. + 4cos 60. = ranz 60"r_

Lesson Two

(2) sin2 30" + sin2 60"

Find the yalue of X which satisfies :

1 x sin 30o cos2 45o = cos2 30o

2 2 sin X = tan2 60' - 2 tan 45. where X is the measure of an acute angle.

| . Xsinl0'cos 45'. cos)30' ...x^.! ^f 
I l'=f F)'

2 \11 t \)/
. r- 3

: .. 2 .in x = ran2 60. - 2 ran 45. ...2sinx=1{:.12 2 t=3 2- l
,t...tn,x=i ..X=lO'

Choose the correct answer from the giveu ones i

1 Ifcos 4 -l( = j where X is the measure of an acute angle

, then X= ........ ...

(a) 15' (b) 30' (c) 45. (d) 60.

2 If tan(X+ 10') ={i rvher.e (X+ 10.) is rhe measure of an acure angle

r then X = ......... .

(a) 20' (b) 40. (c) 50' (d) 70'

3 If sin X = { where X is the measure of an acute angle

r then sin 2 i( = ... .........

(a)1 (t)+

*'"1

Exomp

,.,E') (d)+
1r

solution

Find the value of x which satisfies :

e X cos 30' = tan 60'

@ t- X = fffi where .i( is rhe measurc of an acute angle.
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4 licos(X+ l5"r= | \hererX' l5'rislhe mea\ureolandcuteanSle

r then sin (75" ;=

@+

5 If 4 cos 60' sin 30' = lan X where X is the measure of an acute angle

,thenX= .....

(b) 4s' (c) 60' (d) 90'

.. 4 x= 60'

(a) 30'

1(a)Thereason

2 (c) The reason

3 (c) The reason

(a) 'I'he reason

:-: (b) The reason

(d) I

..X+10'=60'

(brE
2

(c)+
412

1

2

@ lf tan (x + 15') = 1 where (x + 15') is the measure of an acute angle

(b) 30' (d) 60'

, sin y) where X and y ale the measules of two acute

(c) 45'

Solution

fq]2 
"or2 

30" 1 =

(a) cos 60'

(c) 2 sin 30'

(a) 15'

IfGosr(,+)=(+
angies,thenx+y-

(a) 30'

..."o,4x-j

..x=+=15'

'. tan (.1( + 10') =18
...x=60' 10'=50'

'. sinX= j
,r:

.. sin2x=sin60.=5

... cos tX + 15'l = i
.'. .l( = 60' 15' = 45"

.'. sin (75' - X) = sin (75"

'.' 4 cos 600 sin 30o = 4 x

.'. tanX= I

(b) sin 60"

(d) tan 60'

Choose the correct answer from the given ones :

..l(+15'-60'

45') = sin 30' =

f-1=r2 2-

(b) 60' (c) 90' (d) 120'



Lesson Two

ffir@
In the calculator , there are three keys : @ , @ , @

tt The key @ means sine.

@ The key @ means cosile.

@ The key @ means tangent.

By using these keys we can find the main trigonometrical

ratios of any angle if its measure is known.

*r"l By using the calculator , find the value of each of the following

approximated to the nearest four decimals :

I sin 36' 2 cos72'35 3 tar 50'46 zs'

Use the keys of the calculator as the following sequeice from left :

@E@t
.. sin 36" = 0.5878

2 @EE@EE@E
.' . cos 72" 35 = 0 .2993

3 @E@@@E@E@@E
. . tan 50' 46 25 = L2250

By using the calculatoL frnd the value of edch of the fo owing

appfoximtral to the nearest three decimats :

Solution

@ sin 3s' 1) [l tun ss" zi

First i Finding the main trigonometrical ratios of a given angle
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If sin A = 0.6218, then A is the measue of the angle whose sine is 0.6218

To find the measure of this angle r we can use the calculator as the following sequence from left :

*rfl

ErelqPlg

pJcosA=0.3824

! o ooEEEE@l rhenA=38' 26 5)

Find A in each of the following , where A is the measure of an acute angle :

1 sinA=0.8 2 cos A = 0.7152 3 tanA= 1.5156

Use the keys of the calculator as the following sequence frQm left :

1a@EEE@
.. A= 53" 7 48

D

Solution

, a@EEOEEE@
... A,= 14" 20 25

,,e @E,E,EEE@E@
... A = 56' 34 59

llsing the calcutator, frnd A in edch of the following where A is

the measure of an acute angle :

In the opposite figure :

ABCD is a rectangle in which :

AB = 6 cm. and AC = 13 cm. Find :
CB

1 m (Z ACB)

2 The area of the rectangle ABCD to the nearest one decimal digit.

fl sin A= 0.3945

Second
Finding the measure ofan angle if one

of its ratios is given



Solution

Lesson Two

'. ABCD is a rectangle.

.. m(1B)=90'

In AABC :

sin(ZACB)=4q= -CA(] IJ

And by using the calculator :

.. m (z ACB) = 27" 20 li
,. cos (Z ACB) = #
.'. 

"o, 
zf" Zd li =T

.. BC = 13 x cos 27'2i 1i

,. The area of the rectangle ABCD = AB x BC

= 6 x 13 x cos 27" 2d 11* = 69.2 cm?

(Second req.)

ln the opposite figure :

ABCD is a rhombus , whose diagonals inteNect at M

IfAB=5cm.andAM=4cm.

,find:

D

".t
d

[]m (z BAD)

pJ The area of the rhombus ABCD

, Free port
Notebook
. Accumolafive tesls,

. lmportant questions.

' Final revision.

. Final examinations.

(Firs1 req.)

Notice thot :

Also r you can find the length of BC

by using Pythagorasr theorem in A ABC

Your Woy to Success

,31
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tJnit objectives i By the end ofthis unit student should be able to I

.find the distance between two points in the coordinates plane.

.find thetwo coordinates ofthe midpointofa line segment.

. recognizethe slope ofthe straight line.

. find the slope ofthe straight line given the measure ofthe positive angle which

this straight line makes with the positive direction ofthe-i(-axis.

.recognizethe relation between the two slopes of two parallel straig ht lines.

.recognize the relation between the two slopes of two perpendicular straight lines.

,our sha.tphoieo. 
I

t,blettos.dnthe

wdt.hnsvldeos l+l

srr&E :Nl
ffiffi5

' flnd the slope ofthe straight line and the length of the intercepted part from y-axis given the equation of

the straightline.

' find the equation of the straight line given its slope and the length ofthe intercepted part from y-axis.

. use the slope ofthe straight line for soJving some life problems.

Use

:

z
l

\I
Lesson One Distance between two points.

LessonTwo The two coordinates of
the midpoint of a line segment.

Lesson Three The slope of
the straight line.

Lesson Four ihe equation of
the straight line

given its slope and

the intercepted part

of y-axis.



Let M (Xl , yr) and N (X2 , y2) be two points in the same coordinates plane.

From the geometry of the figure we find that :

NL=NB LB=y:_}I

Generally NL = y. y, l

Similarly LM = BO AO=xr-Xr

Generally LM = .X, -.xr

'. 4 NLM is right-angled at L

... (MN2 = (LM)2 + NL)2

... (MN)2 = (X, -.X,)2 + (yz yr)2

i.e.

The distance between the two points M and N equals

and we know that :

(x, - xr)2 = (x1 - \)2 , and similarly : (!2-y1)2=(!1- v)2,therefore:

The disrxnce ber\reen rhe two poinrs M und N .quul" ul.o{tx, xf -ty -51
Generally :

The distance between two points =

(x, xr)2 + (.! ,

- xr)2 + (\2

square of the difference between -x coordinates + square of the difference between y-coordinates

\t./\o /tr(C' - rLr o!rr,,r l-f-reJf lOOl

,.rron I

il
-Distance

between

two points



For example : If A (3 r 6) and B ( 114), rhen

the rength of As- = 1@, - a;, 1 1y - y1 
= Gl -lrlG jf = \7 e;a*
={ro * =l[i = z1C lengrh unir.

yott can find the length of AB as fo]iows : the leneth ofAB

(b) 10

2 The distance between the point A ({i r 4) arcl the origin point equats

(b) 3 (:c)'7

= 1t6;ii;G;ij = fit{- r)'; (6 4P = ^[F;7 = 1\e * ={- = zfi re,gtrr unit.

Examp- Choose the correct answer from the giyen ones :

I The distance between the two points (6 r 0) and (0 r 8) equals

length unit.

(a) t2 (c) 8 (d) 6

....... ... length unit.

@^'{z @21, (c):1E @41,
3 The distance between the point (- 7 , 3) and y-axis equals ....

length unit.

(a) -'7 (d) 3

4 ABCD is a rectangle in whichA ( 1 ,-3)andC(2,1) , rhen rhe

length of BD = ....... .... length unit.

(a) 25 (b) 5 r,oli (d){5

. {blThe reason: The rcqLire(r rli.t,rrce=\/r0-or r,8-0,

2 (c) The reason : The distance between any point (X , y) and the origin

point 1O , O; equals{x'z+ I

. . The required distaDce =

Solution

=1(- Olt + tgl, =1:O * e+

=d100 = 10 tengrh unit.

@)'*ro>'

=18;=1ta=fi,,
= 31E length unit.

(c.) The reasor : The disrance between the point (- 7 , 3)

.rrd )l eqlrJ.l I bc.rt.etneJ,.,rrr.e i,
a positive number.

. . The required distancc = 7 length unit.

=5



Exomplq I

solution

Lesson One

4 (b) The reason : The length of BD = the length of AC because

the rectangle diagonals are equal in lcngth.

. . The length of BD = 
t[{z- tf * tt * z)'

=19;A =yo+rs

={x=5lengtnunit.

If the distanco between the two points (a r 5) and (3 a - 1 r 1) equals

5 lergth units rfindthevalueof: a

'''fG;-l-;t+(1-5i'=5
.. V(2 a- l)'z+ (-4)2 = 5

.'. (2a-l)2+16=25

.'. (.2 a l)z =g

..2a-l=!3

otza 7= 3

"Squaring the two sides"

"Taking the square root of the two sides"

thus >2a=4

thos ,2 a= -2

IfA (2 ,5) and B ( 1,1) 
' 

fintl the rength of :AB

ExqmPlq E If ABC is a triangle whereA (0, 0), B (3, 4) and C (- 4' 3),
find the perimeter of A ABC

I

'. The perimeter of A ABC = AB + BC + CA

(- 4- 3:)2 + (3 - 4:)2rBC=1(-a-3)'+(3-a)'

=Grrla,
=t[ts -t =,[i = stti lensrh unir.

, cA =1/1- 4)'? + (3)'? ={to + o =1ix = s length ,nit.

.. The perimeter of A ABC = 5 + 518+ 5 = (lO + S16 
) 

tengt unit.

solution

.ng={Jr++2

l"=J

=,[ o * te =.'[ x = s tength unit.
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(6 -2)2 +(o-o)2

Exomple { Prove that : A A BC is an equilareral triangte rvhere ; A (6 , 0) , B(2,0)

ana c (+ . z f[) . rhen tind irs area.

=1rto +o=1rle= + tength unir.

'BC={O4fu() 4trf ={+ * t: =1/G= ,t t.ngtl, un;r.

una ec - {6 3, * 16- 2 [3y

=G + tr2 =]/to'- 4 tengrh un r.

..AB=BC=AC .. AABC is equilateral

Let M be the midpoint of the base AB

.. cM- a AB

.'. By using Pythagoras' theorem , we find that :

B(2,0)

.. tt,e L"isl]t N4c = l/(AC)L (AMf ='tp I =trn =2F lensth unir

.. TheareaolAABC= + AB \,4C=+ 4.,Vr-a!.!squarerrnir.

W 
ptove thdt : a ABc is an isosceles triangre where : A (3 , 3) , B(5,9)

andC( l'7)

Remark O
To prove that three given points are collinear (Le. They lie on one straight line) we can

find the distance between each two of these points , then prove that the greatest distance
equals the sum of the two other distances.

I

Prove that : The points ,\( 2,'7) , B( 3,4)andc(1 r 16) are collinear.

\lar;aP +O4 =t/r + I ={ro tengrh unir.

fi-, - t-a -ld =f,E . gr =fi qo 
= : f,rlo tengrh unit.

Solution ... ns =

andAC =1/(- 2 - r)'! + (7 - L6)'?

.. BC = AB +AC

C(1,2-lt)

M A(6,0)

=1t16 + t44 =.[ 16a = 4{io lengrh unit.

Exomple 
I

Solution

- 

]

I

,BC=V(-3-t)r+r4 t6),

108

.. A rB and C arc collinear.



I

Lesson One

Remark O

. To prove that the points A , B andC are the vetices of a triangle ,we can find AB ,BC and

AC , then prove that the sum of the smaller two lengths is Sreater than the third length.

. To determine tl'le type ofthe triangleABC according to its angle measures

(where AC is the longest side of the tdangle ABC )

, we compare between (AC)2 and (AB)2 + (BC)2 as the following :

[! rf (AC)'z > (AB)2 + (BC)'?

lA rf (AC)'? = (AB)2 + (BC)2

E rr (AC)2 < (AB)2 + (BC)2

Exqqpln E Prove that : The tdangle whose vefiices are A (3 , 2) , B(-4,1)
andC(2 .- l, i. riShr-angled .rhen lind ir.area.

I

solution ... AB =

-{+e * t ={so t.ngtl, unit.

,BC=G; rtu(1+ t'
={:* + -t[[1"n*15 ,,n1

and AC =

=lii + o =llto length unit.

'. (AC)2 + (Bc)2 = 10 + 40 = 50

, (AB)2 = s0

.. (AC)2 + (BC)2 - (AB)2

. . A ABC is dght angled at C

. . The area of the tdangle ABC = ] eC )< nC

= i"{*,.[*
= +, Vl0 . 2 \/lo= l0square unrt.

IfA(-1, 1) , B(2,3)ardC(6,0)

, prove thal. : L ABC is right-angled at B : then find its area.

, then the triangle is obtuse ,mgled at B

' 
ften the triangle is dght angled at B

' 
then the triangle is acute-angled.

4)2+ (2 - 7)2

O-2)2 +(2+t)2
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I Remark 6
IfABCD is a quadritateral :

Eromple fl
l

Solution

=lG8 length unit.

=1fr+ Iength unit.

={68 tength unit.

: The points A (- L 4) , B(1

, 1) are the vertices ofarhombus

(-1-l)'?+(4,1)'?

={+ + O ={t: t.ngth unit.

={4 * 9 ={titengtt, unit.

='t/+ + s =t/t: tengttr unit.

ana o.r={Glllfl(r -lF

i)

x

E]To prove that ABCD is a pamllelogram , we prcve that : AB = CD r BC = AD

| 2 ] to prove that ABCD is a rhcnbus, we prove thar : AB = BC = CD = DA

3To prove rharABCD is a rectangle , we prcve that:AB = CD r BC =AD rAC = BD

[11] To prove that ABCD is a square, we prove rhat : AB = BC = CD = DA r AC = BD

ItA(3, 2) , B( 5,0) , C(0 '-7)andD(8, 9),
prove that : ABCD is a parallelogmm.

AB =1G; st + (- r- oP='f 64 ;,

,BC=

ProYe that

andD ( 3

nna o,l =fi8 -:f * {- o * I =1Es + +e ={Trengtl unit.

...AB=CD,BC=DA .. ABCD is a parallelogram.

,t) , c(-t, 2)

and gmph it , then find its area.

(-5-o)'?+(0+71 25+49

(0-8)'?+( 7+

Solution

+t)2+(t+z)2

(-1+3)'z+(-2 l)'?

+ t\, 1

F*

={a + 9 =1/t: tengtn un;t.



Lesson One

AB=BC=CD=DA

The quadrilateral ABCD is a rhombus.

lFi;r{C;r=fi - 36 ={36 = 6 rensth unit.

=1f te + o ={to = + tength unit.

x 4 = 12 square unit.i"u, . The area of the rhombus ABCD =

Prove thqt :-fhc poilnts A ( L3) , B(5,1) , C (6 , 4) and D (0 , 6) are

the ver-tices of a rcctanglc , then find ils area.

Remark O
. The axis of symmety of a line segment is the straight line that is perpendicular to it at

its midpoirt.

. Any poilt on the axis of symnetry of a line segment is at equal distances from its

telTl-Iinals.

The converse is troe , i.e. If a point is at equal distances ftom the two terminals of a line

segment , then this point lies on the axis of this line segment.

For example:

In the opposite figure :

IfCA=CB

, then C € the axis of symmetry of AB

..CA=G1-f + (1+ 1F -^[+ - t =tfi = zlli lensth unit.

Exomple { rr ,r , r . - r , and B r r . j ,

] . prove thal : The poinl C ( I - Ir lie. on rhe axis olsymmetry ofAB

,6e ={1 r ry*1r-3y =^[+-+-t[i=z.Q ]ength unit.

.. CA=CB

.'. The point C lies on the axis of symmetry ofIE

, BD = ! (1+ l)r +(l- I )'z

Solution
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I Remark 6
. ffA e the circle M r then the radius length of this circle (r)

. To prove that : Three points as A 
' 

B and C lie on the same

we prove that : MA = MB = MC

. Remember that :

- The circumforence of the circle = 2 ,[ r

- The alea of the circle = f[ 12

=MA

circle of cente M

Choose the correct answer from the given ones i

I The diameter length of the circle of centre A ( 2 , 3) and passing

through B (2 r 1) equals . length unit.

rdeli (b) 4"1, (c) s

2 A circle is of centre (3 , 4) and its mdius length is

Which ofthe following points belongs to this circle

(d) 4

5 length unit.

I
(d) (0 , 4)(b) (0 , 0) (c) (5 ,0)

Solution 1 (ir)'l'hereason:- rhe.engrh,'t la flI 2r , I 3,

(a)(-3,a)

= 81/2 length unit.

{Gf;a4 =^t5,

= 418length unit.

.. The diameter length =2r=2x41[i

(b) The reason : The ght answer is the point whose distance tiom
the centre ofthe circle equals the radius length of
the circle. Finding the distance between each point

and the centre of rhe cncle (3 r - ,l) , you find that

(0 , 0) is the right answer because

(3 -0)u + ( 4-0r={, + 16 ={2s = 5 tength unit = r

112



Lesson

Exqmp]q( lrove that : The points A (- 6 , 2) ' B (0:8) andC(-8 ,4)lieonthe

circle whose centle is \4 r 4.brand lindilscrer\hereIr=].14

solution ... -tt + - te =16 = Zr$ Iengrh units .

,MB=1k0+4)n(8-O' ={te . + ={i = zt[i ]ength units.

ud MC =1ft- 8;7it* (4 6I =1EGn ={n =z1G lensth units.

.'. MA=MB =MC

, , The points A , B and C lie on the circle M whose radius length

r = 2 1E length units .

.. The area of the circle u = rc r2 = 3.14 x (216 )' = 6u.s,quar" unit..

Prcve thdt :'Ihe polnts A (- 2 ,0) , B (5 ,1)andC (6, 6) Iie on the circle

whose centue is M (2 r - 3) and find the circumference ofthe circle in terms

of rl

MA=1i(-6+4)2+(2-6)z

\6 r/\J /tr(cr lLJoL-rJ) Jal*€Jl 1lal



IfA (-Y, r y,) and B (I, , y2) are two poinrs in a coordinates plane

and M (L y) is the midpoint ofAB

From the opposite ligure :

A AEM and A MNB are congruent B (r-)!)

..AE=MN , EM=NB

-Y.+I

2y=yt+yz

Yr+Yz
Y= 2

tX.+X v+v \
... M_t r r.-i -r 

I\2)t

For example:

If X(3, 2) r Y(-1, 4) and M is the midpoirt of Xy,then:

M i/3+( 1) -2+( 4)\ . ^v_f _: , 
- ,=rr . l)

114
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Thetwo
coordinates of

the midpoint

of a line

segment



Lesson Two

Exomple I

solution

*r"1
solution

If C(10, 4) is the midpoint of ABwhereA(4,-2),
find the point B

LetB (i(,y)

'. C is the midpoint of AB

.- r to'-+r= (&a' Y+(-2) ),\22

.'. x!a =rc .. x+4=20

Notice thot :

If(a,b) = (c ,d) , then

2

v2,2

.. x= 16

:.y=-6 ...B=(16,_6)

If c is the midpoint of AB , then find lhe value of each of x and y in

each ofthe fotlowing :

LllA(2,5) , B(-2,-3)andC

, B( 1,-6)andC

(x,Y)

(-2 
'y)

I

lAerx,qt

Remark

If AB is a diameter in a circle of cenhe M , then M is the midpoint of AB

If AB is a diameter ir the circle M where A (4 , 1) and B (- 2 , 7) , find

the point M r then find tlp circumference and the area of the circle.

'.' AB is a diamerer in fie cLcle M .. M is the midpoint of AB

/4 + L2\ -1+1 \.'.ThepointM=( : '.----:-----,=(l .3)

, ... 

' = a1a =fi-7!*1: + rf =1Ie + ro =r/x = s tength units.

.'. The cicumference of the circle = 2 r[ r = 2 r[ x 5 = 10 fi lergth units.

, the area of the circle =n? =n x 52 =ZS lt square units.

Another method to colculote the rodius length ofthc circle :

... AB =1[(i-g *1t;iy ={:e . e + ={too = to lensth units.

, . AB is a diameter .. r= ] AB =5 length units.

, then complete the solution to find the citcumfercnce and the area of the circle.

A(4,1) and B (-6 r3), then find1I AB is a diameter in the circle M where

the point M

T,rl



=5*r"l

*r"l

Prove that : The quadrilateral ABCD is a paJallelogram where

A(4,3) ' B(0,2) , CC2'-3)andD(2,-2)

'.' The tuo diagonal. ot rhe quadrilareral are AC and BD

- 
.11-l r\ l-r lr

. the midpornr ol AC l']----:, . 2 ) ' t .0,

and the midpoint of BD - (913 ,?ltf)) = o , o)

. . The midpoint of AC- is the same

midpoint of BD

. . The two diagonals bisect each other.

.. ABCD is a parallelogram.

Notice thot :

You can soive this example by

using the distance between iwo
points as the previous.

Prove that I The pointsA(s, 1), B (1, 3) andc (-5, 3) are

the vefiices of a right-angled triangle at B , then find the

point D that makes the figurc ABCD a rectangle.

'. AB ={a= + (- :- l)'? =t/to + re ={-tength unit.

, BC =1F 5 - 1)t; (3 + 3), ={:o +:e ={- rength unit.

, AC ={C 5:J, + (3 - D'? ={ioo + + ={roa tengttr unit.

. . (AB)2 + (BC)2 = 32 +'72 = lO4 = (.AC)2

,', A ABC is a right angled t angie at B

Let D (X , y) such that the figure ABCD is a rectangle.

.. AL' and -tsD bNect each other.

.. The midpoint of AC = the midpoint ot BD

" . the midpoint oi AC - ( 'r' . ' -' )= r0 . )r

, the midpoint of BD = \ T , ,; )

... (x* 1 ,E)=ro,zr

solution

Solution



Lesson Two

.X+ I
=0

2-
... D=( 1 ,7)

Prove that : The triangle whose vertices are A ( 1 , 4)

C ( 5 , 1) is an isosceles hiangle , thei find ils area.

. AB =1I(3 + l)'? + (1- 4)'? =fi6 + 9

= 5len8lh unil.

, BC =1(3 + 5)'? + (1- 1)'? ={o+ = 8 length unit.

, AC =1F;;rl (r - 4J7=116 + e

= 5 length unit.

... AB = AC

.'. A ABC is an isosceles t angle.

Let D (j( , y) be the midpoint of BC

...D=(l s,1f!)-, r.rr

r ', D is the midpoint of BC

... ,qD r BC

..x+1=0

..y-3=4

, . AD ={(- 1+ lfu (1- 41 =16 = 3 lensth unit.

... X= 1

:,y =7

Exqm'fl , B(3,1)and

C C5, r)

Illustrative &awirg

B(3,0

, BC = 8 length unit

.. The area oi A ABC =
1

z BCxAD= l2 square unit.IxBxz=

If C is the midpoint of AB where A (2

the midpoint ofDE where D ( 3 ,5)

,3)'B(4, 7)andCis

, find the point E

Solution

A( r,1)

117



You studied before the slope of the straight line given two points on it.

IfA and B are two poinls in the coordinates plane where A (Xt , yl) and B (X2 , y2)

.lhen : The clope ot rne srraighr line TE f:y
x^-x.

In this lesson , you will leam :

. How to find the slope of the straight line givcn the measure of the positive angle which

this simight line makes with the positive direction of the -l( axis.

. The relation between the slopes of iwo parallel straight lines.

. The relation between the slopes of two pelpendictlar stlaight lines.

And befole studying these topics , you will study the positive and negative measurcs of
an angle.

In the opposite figure I

If IE intemects the X-axis at the poirt C , then IE makes

two angles with the positive direction ofthe X-axis.

. One ofthem is positive (i.e. It has a positive

measure) taken from the positive dircction ol

the X axis to the sfaight line in the direction of

anticlockwise and it is Z DCA

1 
'18

Lesson 3

The slope of
the straight

line

The positive measure and the negative measure of an angle



Lesson Three

. The another one is negative (i.e. It has

a regative measure) takel ftom the positive

direction of the x-axis to the straight line in the

direction of clockwise alld it is ,4 DCB

Definition

The slope ofthe straight line is the tangent of the positive angle whicll this shaight line

makes with the positive direction of the x-axis.

i.e. The slope of the stnight line = tan e where 0 is

which the stuaight lire makes with the positive

For example:

In the opposite figure :

The straight line L makes an angle of measure 45'

with the positive direction ofthe x-axis, then :

the measure of the positive angle

direction of the X-axis .

the slope of the staight line L = tan 45" = I

Notice thot :

Remark

The angle which the straight line L makes with the positive direction of the x axis takes

one of the following cases :

I

The sfaight line passes tl ough the two points (2 ,0) and

(7 , 5) , then : lhe slope of the straight line

- v,v 50 s

Y -Y 1-) )

(1) Acute angle Q) obtuse angle @ zero angte @ Right angte

The slope is

positive
The slope is

negative

The slope is

zeto

The slope is

undellned
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The slope ofthe straight line
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*r"l Find the slope of the straight line which makes a positive argle with
the positive direction of X-axis where the measure of the angle is :

I

2

145'

The slope of the straight line = tan 45o =

'lhe slope of the straight lirle = tan 124' l

2 t24" t5 12

1

5

'*.-@@EE
12 = 1.4685

tan0=1.486

.. tan0=

.. Z 0 is an obtuse ansle.

"*'@oE@@@E@E@@E

Find the measure ofthe positive angle (0) which the straight line makes

with the positive directiofl of X"axis if the slope of the straight line is :

I t.486

1 . m=tanO

21
1tr

'. The slope is positive .. Z 0 is an acute angle.

::r- f oEEEE@E@
.'.m(L0)=56"341

'. m=tane

, . the slope is negative

By using the calculator as follows :

reL. flooEEEEE
We will find the calculator gives

the result - 30'

Where the calculator is programmed to gct

the acule angle only eitlter negative or posjtive.

But the required is the positive angle , so we find m (Z 0) by tinding

the supplementary of the angle of measure 30'

Then : m(Z e)= 180' 30' = l-50'

Solution

Solution



ExompQ

Solution

2 (-2,3) ,( 3 ,4)

ML
Lesson Three HP

Find the measure of the positive angle (0) rvhich the straight line L makes

with thc positive direction ofl( axis if the straight line (L) passes through

the two points :

' (-,,F),(, ,o{.)

1 . The straight line L passes through

the two points (- 2 ,1/i) , (r , +1ii )

.. The slope of the straight line L

_+F F_:F ,r
1- 1- z1 - 3 -t'

:s- f,OElEE ... m(ze)=60.

', The shaight line passes through the two points (- 2 r 3) and ( 3 r 4)

. . The slope of the straight line L

4-3
-3 ( 2)

By using the calculator as follows :

re- f ooEE

Notice thdt:
The slope is positiver thcn

the angle is acute.

Notice thot :

The slope is negative r then

the angle is obtuse.

We will find that , the calcularor gives the result - 45' (a negative

acute aDgle)

We will find the positive obtuse angle as follorvs :

m (1 0) = 180" - 45'= 135o

[n Find the slope of the straight line which makes a positive angle wirh the

positive direction ofX-axis with measure I

(1) 30' (2) s4' 30 6 (3) 120'

[.1]Fincl the measure of the positive angle (0) which the sftaighr line L makes

with the positive direction ofi(-axis ifthe straight line L passes through

the two points (4 r 1)and(5:-3)

t1] Find the measure of the positve argle which the s aighr line makes with

the positive direction of-l(-axis if the slope of the stl.aight line = 6.2

\1 i/Io /Lr(C; JIJ oqlLJ) .r€lt@Jl
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In the opposite ligure :

If L1 and L2 are two pamllel stlaight lines of slopes

m1 alld m2 rospective]y and make two positive angles \vith

the positjve direction ol.l( axis of

measures eL and e2 respectively , the1l

'. Lt ll L2 .'. el = 02 conesponding angles

.. tan et = tan e2 .. mt = n-I2

thus we deduce the following :

IrlTT l-rl, tr,"n 
I 
rnF,2-l

i.e. If two straight lines are parallel , then their slopes are equal.

Also , we can deduce the opposite :

rrlrn =mrl 
' 
thsn [7Lr-]

i.e. If the two stmight lines have equai slopes, then the two staight lines are parallel.

Exomplq[

Exom

'"1

Prove that : The straight line which passes through the two points (2 ,3)

alld ( i ,6) is parallel to the stlaight line which makes with the positive

directior ofj(-&{is a positive angle ofmeasure 135'

The slope ofthe first straiglt line m, = jr] = ] = t

.lhe slope ol the second .rraight line m2 = lan l15' = -l
. . The two straighl lines are piu-allel.

IfA( 1,2) ' B(2'3) , C( 4 , 1) and D (r( ,2) are four points in

the Cartesian coordinates plane and AB // CD , find the value of : x

... AB // CD

.'. The slope ofthe straight line passes through A (- L 2) and B (2 , 3) is

equal to the slope ofthe straight line passes through C (- 4 r 1)

and D (x 
'2)

.32 2l
'' 

2 - (-1) x-( 4)
I
+x

I

.l'' 3

;.x

Solution

Solution
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The relation between the two slopes of two parallel straight lines

1



Exomple fl

Solution

Lesson Three

In the Cartesian coordinates plane , prove that the points A (-1 , 6)

, B (3 , 4) and C (2 , 1.5) ale collinear.

In 
5'. 1 he 'lope o[ A B '----:-----: = ----- =J-(-rr ' 2

L- -,--- -.;; 1.5-,-4t 2.5 5.Inesropeor E( - 2-.l -= = z1 =-1

, , The slope of AB = the slope of BC

, . B is a common point between

,., AB // BC

Notice thot :

If the siope of IE = the slope ofEd ,

thenA, B and C ale collinear points.

IE an,l Ed

.. A rB and C arecoliinear.

A Prove that:'lhe straight lire L1 passing though the two points (1 ,5)

and ( 2 , 1) is parallel to the straight line L, that passes

thlough thc two points (0 , 1) and (5 , 9)

[ZIf rhe straight ]jne IE// the x axis whereA(5 ,-4) andB ( 2,y)
, find the value of : y

If Lt and L2 are two straight lines of slopes m, and m,

respectively and 
I 
L, LIrl,th",t mI Xmr=-1 , unless one of them is parallel to one

of the coordinate axes .

i.e. The product of the slopes of the pelpendicular straight lines - 1

and vice versa : lf L, and L, are two straight lines of slopes mt and nL

respectively and m, xmr= 1 , then lTLr I2l

i.e.Ifthe product of the two slopes of two straight lines equals -l , then the two straight

lines are perpendicular (orthogonal)

Exomple I
I

I

Solution

Pro\e ahat : lne.traighr line Ll whrch ox.se. lhroLrgh the t$'o poinl.

( 1 r 4) and (3 , 7) is peryendicular to the straight line L2 which passes

through the two points (1 , i) and (4 ,-3)
1 4 -l-l t'. The.lopeoiLr =: t'r,=;!.the.lopeoll_= , , =-i

.. theslopeolLr . rhe.lopeol ar-, i=, ..L ll2

123 
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The relation between the two slopes oftwo perpendicular (orthogonal) straight lines
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*r"l In the Cartesian coordinates plane, if fte points A (l ,7) r B(2:4)and

C (5 , y) repi'esent the vertices ol a right-angled triangle at B ,

find the value of : y

'. The slope ofIE =

... AB I BC

^ \1 4
..J =. =-t

Solution ) -4
,_,= 3 'rhe:lupcolBC= i_;='r

Exomplq p
l

I

I

Solution

..y-4=l i Y=5

)

.. The slope of AB x the slope of BC = I

I Remark

If Lr I L2 , thc slope oI L,l is mt arld thc slope of L2 is m2 where m1 e f,R" r m, €R*

,thenm-=a,rn =lj rlt r nt.

For example:

. If the slope of the straight line L is 2 , then the slope of the perpenclicular to ir = j

. If the slope of the straight line L is J , then the slope of the perpen(licular ro it = ?
In the opposite figure :

tf Lr LL2

Find : The value ofk

'. The straight line Lt passes

through the two poinh B ( i ,0) and C (0 , 1

.. The sloDe ot l-. = 
1 n 

= l' , 0-(-r)
, . the straight line L2 passes through the two points A (0 , k) and D (4

.. The slope ofL, = 
!1= !

,0)

(t)

(2)r '. L1 LLr r the slope of L, = 1

From(1)and(2):..-f = r

..TheslopeofL,=-I

f tf,t1 2,5) , B (1 ,2)andC(3 ,4) are three poinrs in a Caftesian

coordinates plane , prove that :TE \Ei
Prove that :The staight line which passes through rhe rwo points (7 , - 1)

and (5 r 3) is perpendicular to the straigltt line which makes with the

positive direction of X-axis an angle of measure l35o

1.0)

124
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Lesson Three

Each two opposite sides are pamllel-

Each two opposite sides are equal in length.

Two opposite sides are parallel and equal ir length.

The two diagonals bisect each othet

@ Two adjacent sides are perpendicular and its diagonals ale perpendicular.

To prove that a quadrilateral is a trapezium , we prove that :

Two opposite sides are parallel and the other two sides are not parallel.

To prove that a quadrilateral is a parallelogram ,

we prove only one of the following properties :

To prove that a quadrilateral is a rectangle, rhombus or square,

we prove at first that the quadrilateral is a parallelogram, then i

. To prove that tle parallelogram is a rectargle, ye proye only one of the folowing

two prop€rti€s :

O T\vo adjacent sides are perpendicular.

@ The two diagonals are equal in length.

. To prove that tle parallelogram is a rhombus, we proye only one of the folloving

two prop€rties :

(D Two adjacent sides are equal in length.

@ The n o diagooals are perpetrdicular.

. To proye that the parallelogram is a square, we proye otrIy one of the folloving

protr erties :

@ Two adjacent sides are pe4rendicular and equal in length.

@ Two diagonals are equal in length and perpendicular.

@ Two adjacent sitles are equal in length and its two diagonals are equal in length,

Remarks to solve the problems on quadrilateral

125
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f-{lllPl94 On a Cane.ian coordinare, plrne . represenr rhe poinrs

AfJ.-2\ Bf 5.0) . Cf0. 7\andDr8. o\

- rhen pro\e that rhe quadrilaleral ABCD i' a parallelogram.

-o/)l' Thc rlone of AR = -
'5l

2_ l
E4

. thc qlnnr o{ aD = ' "
' 80

2l
-8- 4

. . The slope of AB

= the slope ofti
,. IEr tD

From (1) and (2) : . . The quadrilateml ABCD is a parallelogram.

Exomplq ltl prove rhar : The points A (2 , - 2) , B (8 ,4) , c (5 , 7) and D ( 1 , 1)

arc vertice\ of thc recnnplc ABCD

)14
. 'l'he\loteol AB=il = := 

|

,rheqloneoICD= ' =e=l. 5 ( l) o

. . The slope of IE = thc slopc oltD

'. I nr.looc ol AD, 2 ( t) l

-11 
1

,theslooeolBC=-r=== I'ti5J

. . The slope of 16 = thc slopc ofid

From ( I ) and (2) $,e deduce thai thi: quadrilatcral ABCD is e parallelogram.

.Tl c Jofcol AB r\c,ot-,(. BC.I I

.. AB I BC .. Thc quadrilateralABCD is a rectangle.

o r )\ -7 _-t_n _1
'. TheslopeolAD- 8 L 

.thc.lopcol uC 0 ,. i.,= r'

. . The slope of AD = the slope ot' BC

." AD // BC (.2)

..IEI-D (1)

... ffilEd (.2)

Solution

solution



Lesson Jhree

*r"l On a Cartesian coordinates plane , represent the points

A(-3,-3) ' B(3,1) , C(1 ,s)andD( 2,3)

, then prove that the quadrilateral ABCD is a hapezium.

'. The slooe of id= 5 3 
=?' I -(-2) 1

'the'loneol AR- r' jl- 4 = 2--'-- - I i Jr 6 l

.'. The slope of CD = the slope of AB

... cD // AB (1)

+<r
The sloDe of BC = 1 _: 

= _2
'll

, the slooe of Ii= 3 (-3) 
=r,' 2 (-ll

.. The slope of Ed * the slope of iD

.. BC is not parallel to AD (2)

From (1) and (2) :

. . The quadrilateral ABCD is a trapezium.

For the 
^ext 

tery^
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We studied belore that thc relation: aX+b y + c=0 where a+0 ,b l0 togethel is a linear

relatiol rcpresented graphically by a stuaight line and we can find its slope (m) by one of

the followjng mcthods :

E-= vertical change

x^-x.horizontal change

Where (Xl , y1) and (X2 , y2) are two points on

the straight line

g 
. 
m=tane l

Wlere € is the measure of the positive angle which the stuaight line makes with

the positive direction ofthe X-axis.

. We will continue our study about this subiect by studying how :

- To find the slope of the straight line and the length of the intercepted part from y-axis

if we know the equation of the straight line.

- To find the equation of the straight line if we know its slope and the length of the

intercepted part from the y axis.

128

Lesson

The equation of

the straight line

given its slope and

the intercepted

part of y-axis
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Lesson Fou r

Praluda Represent graphically the rclation i 2 X y + 3 = 0 and from the graph

r find the slope of the straight line which represents the rclation and the

intercepted part of the y-axis by the straight line.

To graph the staight line which represents the rclation , find two points

of the points of the sraight line at least , to facilitate that , put one of

the variables X or y in a side of the equation

..Y=0+3=3

Ar](= 1 :.y= 2+3=1

.:.Y=2x+3

.', (0 , 3) is one of the points of the straight line.

. . The slope of the straight line = *lI = l:3- =-?xz-xr I o I
=e)

.'. ( 1 , 1) is one ofthe points of the straight line.

i.e. The shaight line passes through the two points (0 
' 

3) and ( 1 , 1)

. From the graph, we lil1d that :

OB =3lengthunits.

i.e. The straight line intercepts

from the positive part from

y-axls 3 length units

Observing the graph of

the straightline : y = 2 X+ 3

We find that :

. The slope of the straight line

= the coefficient of x = 2

. The length ofthe intercepted part

from y-a-ris = absolute telm l= | 3 |

The slope ofthe straight

=6**
line

l

The length ofthe intercepted
part from y-axis

Solution

The length of
the intercepted
part from y-axis

= 3 length units.

\v r/\J /Lr(C, - !U o*q,r ,rotoOJI ngl

First
Finding the slope ofthe straight line and the
length ofthe intercepted part ofy-axis
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i.e,

If the equation ofa straight line is inthe form: y = m X+ c , then:

- The slope of the stuaight line = m

- The length of the intercepted part ftom y-axis = I c I

and it passes through the point (0 , c)

*r"1 Find the slope of the straight line : 2 i( + 5 y 15 = 0

. rhen lind the intercepred pan ol1-axis.

Write the equation ofthe shaight line in the form : y = 6;5..6

absolute le n
coefficient ofy

3l=3length

solution

I

.'. The slope of the straight line =; and the intercepted part ofthe

positive part of y axis is of length = 3 length units.

Remark

In the previous example , observing the equation in the form:2 X+ 5y -15 =0
rwe frnd that :

. The slope ofthe straight line =

'5v )\'t15 .. v=--:a+3-5

- coefiicient ofX 2

coefficient ofy 5

.The:traishr rine cur" y-a\io ar *re p"i", 1o . .]bn"]i'i'ii'l ) i.".,0 .:,

i.e. The sbaight line intercepts a pa of y-axis of fengtfr = 
|

i.e.

If the equation ofa straight line is in the form: aXt b y r c =0 r then

.The sloDe ofthe srraipht line =:i9{!!ll9ll = 
a

coefficienr oly b

. The sraight line curs y-axis at rtre poinr (0 , 
oc )

i.e. The lengti ot rtre intercepted pan from y a.ris lfl

units.

'130



Lesson Four

For example:

. The straight liie whose equation is : X 2 y + 3 = O

I r / l\
Tt. 

"lope = , = j ind clr. )-a.\is at the point {0 . ] )

i.e. The straight line intercepts a pafi of length J length unit from the positive paft of y-axis.

. The straight line whose equation is : 3 X+ y + 4 = 0

Its slope = 3 and cuts y-axis at the point (0 , - zl)

Le. The straight line intercepts a part of length 4 length urits from the negative part of y axis.

*'"1 If the straight line that passes through the two poirlts ( 1 , 7) and (9 r 3)

is peryendicular to the sraight line whose equationis: x+ky 13 = 0 ,

frnd the value of : k

Let the slope of the straight line that passes through fte two points

(-I 17)ancl (9 13)bem,

Y, Y, 3i 4 2
'' '''' xr-i(, o , l, 10 5

Let the slope of the stuaight line whose equation is : x + k y - 13 = 0 be m?

a1

'. The two sffaight lines are perpendicular

5k

whose equatiol is:3 x 3 y + 5

.. m1 x m2=- 1

'' 5k
-)
5

@ If the two stiaight lires : 3 y + x - 7 = O and y - k X + 5 are perpendicular'

, then find the value

[.1]Find the measr,re ofthe positive angle which is made by the straight line

rvith the oositivc dircction of r( axis.

Solution

E Find the lergth olihe intercepted part ftom y-axis by the straight line lvhose

equationis:2y=3i(+12
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cuts y-axis at the

lt=-x+;l

The straight line whose slope = m atrd

Eind the equation of the straight line :

I \Yhose slope = ,l an,J intcrccpt. l'rom the nosili\e pcrr ^' ) a\'.

3 length units.

2 Whose slope = 2 and intercepts from the negative part of y-axis

? length units.

Y=mX+c

I '. m=-

2 '. m=2

, C=33

4
.. The equation is ty =-] x*l
.. The equation is : y = 2 X- 7

Exomple I

I

Fhd the equation of the shaight line which makes with the positive

direction of X-axis a positive angle of measure 135' and intercepts from

the positive part of y-axis a pa of length 7 length Ltnits.

'.' The slope = tan 135' = 1

. . The equation of the straight line is : y = x + 7

! Remarks

O The equation of the straight line which passes through the origin point O (0 r 0)

is ly= -X I' where m is the slope ofthe staight line.

e, The equation of x-axis is I y = o I () The equation of y-axis is Ix=o I

O The equation ofthe straight line which is parallel to X-axis and passes through the point

(0,1)1s IyJ
C, The equation of the stuaight line which is parallel to y-axis and passes through the

solution

Solution

pornt(ktU)rs X=k

Second
Finding the equation ofthe straight line given its

and the length of intercepted part of y-axis



Exomplq 

I
Solution

,fl

Lesson Four

Find the equation of the staight line which passes through

the two points (1 , - 1) and (2 , 2)

Let the equation of the staight line be in the folm y = m X + c

v^-v.
'. The;lopermr=; ;=- ,' =3

. . The equation of the straight lifle is in the form

'. (1 , - 1) belongs to the straight line.

..-r=3'1-c

:Y=3X+c

Exqm

.. The equation of the straight line is : y = 3 x- 4

Find the equation of dre straight line which passes through the point (1 , 2)

and parallels the straight line 2 X+ 3 y - 6 = 0

Solution ... The slope of the given srraighr line =
- coefficienl of -]( _ - 2

coefficient ofy

. . The slope of the required straight line = *
3

.. The equation olthe required srraighl line is: y =- I x + c

'. The straight line passes through the point (1 ,2)

-1...t=_1r t+c ..c=

. . The equation of the required straight line is : y = -

Exqmp!e E Find the equation of the straight line which passes through the point (2 , 3)

and perpendicular to the straight line passing thrcugh the two points

I A{3.-a'andB,s --.},

Solution ... The slope of the straight line which passes through the two points

rJ.-4rand15.- Jtequal. 1 
t," 

= j

.', The slope ofthe required straight line = - 2

,'. The equation of the required straight line is y = - 2 x + c

. The shaight line passes tlrough the point (2 ,3)

. . It satisfies the equation.

..1=-2.2+c ..c=7

.. The equation of the required straight line is : y = 2 x +7

8

3

o5l
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f[.]Fiid the equation of the straight line which interceprs from the positive par

ofy-axis 5 length units and it is parallel to the straight line passing tlrough

the two points ( 2 ,3) and ( 1,-6)

L, Find the equation of the straight line which passes through the point (3 , 4)

and perpendicular tu IE , where A (2 r 3) and B (5 r 4)

ABCisat angle whose vertices arcA (1 ,2),B(-2,3), C( 4, 3)

, AD is a median ofit r find the equation ofi6

'. AD is a median of AABC

. . D is the midpoint of BC

... D=( 2-.'4' .L. '' 1=, 1.u.,\2)./

)n
. . Tbe slope of AD -.- = +r-L-Jl

.. The eouation ol16is : v = 1 x+.
2

'. 16 passes through the point A = (1 ,2)

. . It satisfies its equation

..:=J^r+.)

.. The equatior of 16 is : y =

ABC is a tliangle whose vertices arc A ( 1,5) , B(4,-2)andC( 3,0)
Find tle equarion ot the srla,ght line pa.sing ttuuugh A a,rd perpenLliculu to BC

Using the slope and the intelcepted part of y axisr represent graphically

the straight line whose equation is y = 2 X 3

fhe 5loDe or rhe sLrdipnr line = 2 = ? la]!'l (.t'ong"

I hori,,u"t rt changc

and the staight line passes through tlte poirt C (0 , - 3)

*rfl
Solution

)
1 v- 3z^' 2

Solution



Lesson Four

Exomple

From the point C , we move hodzortally

towards the dght one unit (the hodzontal

change (+1)) to reach the point D

, then we move vertically towards up two

units (the verticai change (+2))

to reach the point E, then CE is the graph of

the equation of the sraight line y = 2 x- 3

The opposite graph

represents the motion of

a cal moving with

a unifonn velocity where

the distance (d) is

measured in km. and the

time (t) ill hours , find :

d (km.)

150

100

50

I

3

The distance (d) at the beginning ofthe motion.

The velocity of the car.

The equation of the siraight line representing the motion of the car.

I The distance (d) at the beginning of d're motion = 50 kilometes.

2 The velocity of the car = the slope of the straight line passing through

the two poitlts (0 , 50) and (6 , 200) = 
?qq-lq 

= 
]lq

= 25 km./hr.

3 The equation of the straight line is : d = m t r c

time (h)

d=25t+50

123

solution
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Exgmple IE Find the equation of the staight line which intercepts from the coordinate

cxes (X-ax is and y axis) two positive parts with lengths 3 and 4 length units

1 respectively, then find the area of the triangle incl.lded between the st.aight

line and lhe two a\es.

solution .. The straight line intercepts from the positive

part of X-ards 3 length units.

The straight line passes ftrough the point A (3 , 0)

'. The straight line intercepts from the

positive pa of y-axis 4 length units.

. . The straight line passes through

the point B (0 , 4)

. . The straight line passes through the two

points A (3 , 0) and B (0 , 4)

Let the equation of the requircd shaight line be y = m i( + c

. 40 4. wnere tne <lOPe (m) = ^ - = .i .._t)lJ

: the area of A ABO xAOxBO= I
2

x3x4=6squareunits.

y =- f x+ 
"

The equation is
L

'1

2

Aperson moved between the cities A

and B using his car with a uniform

velocity and the opposite graph

reprcsents the relation between the

distance (d) in kilometles and the time 250

200
(t) in hours.

Answer the

U What is the unifom velocity ofthe car ?

1.1]Find the equation ofthe straight line

representing the motion of the car.

Ll] Fi11d tl1e distance between rhe car and O (0 , 0)

after 3 hours from the beginning of the motion.



Notes



Notes

(-\ a r , \, ,C ^ ^ ^--rb g L' a:: 412 --I' g
,,u|t i\ sr2 r;2 .d2 d2 \ 47



[)\

\

$

Notes

u--)-

62* \
0 *, o--)"

"12 e
4j2 *=b

\d2\
o"o oe

d2
0

.--a



Forthe next tgfm qskror

in Mqths a Science

PreD
secono re.i

.\

.!i 4,


